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STABILITY IN CATEGORIES AND NORMAL PROJECTIVE VARIETIES
OVER PERFECT FIELDS
HUNG-YU YEH
Abstract. We present a notion of ∆-stability and stability filtration in arbitrary categories
which is equivalent to the existence of Harder-Narasimhan (HN) sequences on objects. Indeed
it is equivalent to the existence of a zero morphism, a partial order on objects, and a collection
of some universal sequences. In additive categories embedded in an ambient triangulated
category, we could obtain a numerical polynomial or central charge of objects by calculating
the Euler characteristic of slope sequences and objects, inducing a partial order and HN
sequences. In the case of normal projective surfaces over an arbitrary perfect field k we
show the existence of ∆-stabilities of degree one on the relevant bounded derived categories
which is equivalent to the existence of Bridgeland’s stabilities on normal surfaces. This
result also leads to new effective restriction theorem of slope semistable sheave on normal
projective varieties over perfect fields. Our approach also gives alternative proofs of Hodge
Index Theorem and Bogomolov Inequality.
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1. Introduction
Stability in algebraic geometry, first introduced by Mumford in the 1960’s, is used as a tool
to construct moduli space of sheaves on projective varieties and generalized by Takemoto,
Gieseker, Simpson and Maruyama. Later this notion was extended to objects in arbitrary
1
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abelian category by A. Rudakov [Rud97]. On the other hand, in the particle physics the con-
cept of the stability is associated to the formation or decay process, that is, particles combine
or split to form other particles. More recently, motivated by the conjecture of homologi-
cal mirror symmetry and Douglas’ Π-stability on the category of B-branes (see [ABC+09])
Bridgeland introduces a precise definition of stability conditions on triangulated categories
which depends on the existence of Harder-Narasimhan (HN) filtration and central charges
on the relevant K group of associated triangulated categories [Bri07], and gives explicit con-
structions on smooth elliptic curves and K3 surfaces over C [Bri08].
Mumford-Takemoto, or µ-semistable coherent sheaves on projective schemes over a field k
have been studied for a long time. One of the main problems we have to meet is the bound-
edness of the family of semistable sheaves with a given Hilbert polynomial. In particulr, we
would like the restriction of a semistable sheaves to general hypersurfaces to be semistable
again. The theorem of Mehta and Ramanathan [MR82] shows that the restriction of a
µ-(semi)stable sheaf on smooth projective variety over an algebraically closed field k of arbi-
trary characteristic to a general hypersurface of sufficiently large degree is also µ-semistable.
On a normal projective variety over k of characteristic zero the restriction theorem of Flen-
ner [Fle84] gives effective bounds on the degree of hypersurfaces for µ-semistable sheaves.
Later Langer [Lan04] proves effective restriction theorems for µ-(semi)stable sheaves on
smooth projective varieties in characteristic p. In characteristic zero Bogomolov’s effective
restriction theorem [Bog78] is the strongest result on smooth projective surfaces. However,
for normal projective varieties over algebraically closed fields of arbitrary characteristic, it
is still an open and important problem whether there exists any (effective) restriction the-
orem for µ-semistable sheaves. A detailed overview of moduli spaces of sheaves is given by
Huybrechts and Lehn [HL10].
In another direction, a crucial and open problem is the existence of Bridgeland stability
conditions on Db(X) for a general smooth scheme X over C. Even for general smooth projec-
tive threefolds it is still open because of the absence of Bogomolov-Gieseker type inequality
for the third Chern character of stable objects [BMT14]. Indeed, the existence of Bridgeland
stability on smooth projectives surfaces is one of the important consequences of Bogomolov
Inequality and Hodge Index Theorem [AB13]. For a good introduction to Birdgeland stability
conditions, we refer to the notes by Macr̀ı and Schmidt [MS17].
From the point of view of the derived category of coherent sheaves on Noetherian schemes,
it is unnatural to only consider stability conditions on smooth schemes over C. However,
when X is a singular scheme over k, Chern character might only be defined on the full tri-
angulated subcategory Perf(X) ⊂ Db(X), in which each object is locally isomorphic to a
bounded complex of locally free sheaves of finite rank. But based on ref. [AGH19] there
are K-theoretic obstructions to the existence of bounded t-structure on Perf(X), which is
one of the necessary conditions of Bridgeland stability conditions, and Db(X) appears more
natural in the theory of stability conditions. Without Chern character and boundedness
property for coherent sheaves on singular schemes, the existence of Bridgeland stability con-
ditions on Db(X) is an open problem even for general normal projective surfaces over k. In
contrast, Gieseker stability and other important geometric filtration which are not covered
by Bridgeland stability behave better on projective schemes over an arbitrary field k. This
suggests that we should need some suitable definition of such binding process in the category
of interest.
One goal of this paper is to study the structure of an arbitrary category A that arises from
a subcategory of the functor category from a partial order to the category A. This leads to
a notion of stability filtration in categories which is equivalent to the existence of ∆-stability
data, or HN sequences of objects in A.
Theorem 1.1. If the category A has a ∆-stability data, then there exists a subcategory As
with the same objects of A and same ∆-stability data such that As has a stability filtration.
Conversely, if A has a stability filtration, then A has a ∆-stability data.
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Indeed it is equivalent to existences of a zero morphism, a partial order on objects and
∆-class, a collection of some universal sequences. In order to determine a ∆-stability data
on A, an important question is to which extent the objects of the semistable subcategory
induced by the ∆-stability structure, a partial order, approximate non-semistable objects in
A. In a certain situation, each object in A can have a unique HN sequence.
Theorem 1.2. Given an exact ∆-stability structure on a category A with Hom(A,B) = 0c
for ∆-semistable objects A ≻ B. If A is weakly ∆-Artinian and weakly ∆-Noetherian, then
for every object E ∈ A, there exists a unique Harder-Narasimhan sequence
E0
i0−→ E1 i1−→ · · ·
in−1−−→ En in−→ E
such that for j > 0, Ej−1
ij−1−−→ Ej → Fj−1 ∈ ∆, and Fj are ∆-semistable objects of A with
F0 ≻ F1 ≻ · · · ≻ Fn.
If the category A with the zero morphism has finite products which are canonically iso-
morphic to finite coproduct, we can impose a commutative monoidal structure on Hom(A)
inducing additive structure on A [ML98]. Thus in additive categories it allows us to reliably
deduce from some invariants on Hom spaces the resulting ∆-structure. To some extent we
can think of these invariants on Hom spaces of the category A as the analog of Euler charac-
teristic of a slope sequence (a collection of some objects) and general objects. The chain of
supported weakly ample sequence on A gives a rather detailed description on how the invari-
ants are constructed from the coefficients of numerical polynomials of Euler characteristics.
Specially, we can form a new slope polynomial of lower degree induced by a slope sequence
constructed from a tilted ample chain with the boundedness condition, and thus it gives us
a new ∆-stability structure, or exhaustive positive system.
In projective schemes over a field k, the natural slope sequence is given by an ample
invertible sheaf and the slope polynomial is the well-known Hilbert polynomial. For the
category of projective shemes of dimension n over k, the projective space Pn is the weakly
terminal object by the assumption. Through Grothendieck-Verdier duality and the vanishing
property of semistable sheaves, we prove the boundedness of Euler characteristics for µ̂(µ)-
semistable torsion free sheaves on a normal integral projective scheme X over a perfect field.
Theorem 1.3. Let E be a torsion free coherent sheaf on a normal integral projective scheme
X over a perfect field k of dimX = n with a fixed very ample invertible sheaf OX(H).
Then there exists a polynomial P̂ (µ̂max(E), µ̂min(E), ωX , d = degH X) depending on the HN
filtration of E, the degree of the canonical sheaf ωX of X and the degree of X with respect to
OX(H) such that
(−1)n−2χ(OHn−2 , E) ≤ (−1)nχ(OHn , E)P̂ (µ̂max(E), µ̂min(E), ωX , d)
= (−1)nχ(OHn , E)
(
P̂ (µ̂(E), ωX, d) +
1
2
(µ̂max(E)− µ̂(E)) (µ̂(E)− µ̂min(E))
)
with (−1)nχ(OHn , E) = d · rk(E) and µ̂(E) = −χ(OHn−1 ,E)χ(OHn ,E) . Here,








(n− µ̂(OX))(1 + µ̂(ωX)).
Moreover, this boundedness theorem implies Hodge Index Theorem and Bogomolov In-
equality for locally free coherent sheaves on X by standard arguments in the intersection
theory. Our approach also gives easy proofs of the results on smooth projective schemes
over k. For a crude bound of Euler characteristics of torsion free sheaves on general integral
projective schemes, see Remark 7.12.
For another crucial application of the boundedness theorem we prove the following effective
restriction theorem for µ̂-semistable sheaves.
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Theorem 1.4. Let E be a µ̂-(semi)stable torsion free sheaf of rk(E) > 1 on a normal integral
projective scheme X of dimX = n over a perfect field k with a very ample invertible sheaf
OX(H). Assume D ∈ |OX(lH)| is a normal divisor such that E|D is torsion free. If
l > 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) ,
then E|D is µ̂-(semi)stable.
Together with the bound of Euler characteristics of torsion free sheaves on integral projec-
tive schemes, the similar argument implies the effective restriction theorem for µ̂-semistable
sheaves (see Remark 7.18).
Finally, combined with this bound of Euler characteristics on normal integral projective
schemes and the technique of tilted heart and slope sequences in triangulated categories, we
give confirmation for the existence of Bridgeland stability conditions on Db(X) of a normal
projective surface X , as suggested in [AGH19]. Indeed, this is a special case of the existence
of our ∆-stability of degree = n− 1 for dimX = n = 2.
Theorem 1.5. Suppose X is a normal projective surface over a perfect field k with a vary
ample invertible sheaf OX(H). Given a rational number q = m1m2 ∈ Q, there exists the tilted
heart Aq of a bounded t-structure on the bounded derived category of coherent sheaves Db(X)
with a one parameter family of slope sequences
{















induce ∆-stabilities of degree 1 on X, namely Bridgeland stability conditions.
The paper is organized as follows: In Section 2 we present the notions of ∆-stability
data and stability filtration in arbitrary categories. We focus on the class of some universal
sequences (∆ class), on the partial orders Φ of objects, and on the weakly initial and terminal
subcategory PΦ. With suitable universal property (HN sequences), this ∆-stability data in
the category A is equivalent to the existence of a subcategory As with a zero morphism,
consist of subcaterories (semistable category) of the functor category AΦop fulling weakly
universal conditions in some sense (stability filtration). Section 3 discusses the existence of
HN sequence of objects in A. Firstly, we introduce the exact ∆-class with a compatible
∆-stability structure, and thus weakly ∆-Artinian and ∆-Noetherian of A would imply the
existence of unique HN sequences, that is, ∆-stability on A. Secondly we summarize the
glued ∆-stability data constructed from a suitable set of ∆-stability datum on subcategories.
Due to the importance to our analysis, a particular emphasis is put on the additive categories.
In Section 4 we describe numerical polynomials induced by the chain of supported weakly
ample sequence in a k-linear additive category embedded in a triangulated category. We start
with a description of the weakly ample sequence as deduced from the ample sequence in an
abelian category. We analyze the properties of the chain of supported weakly ample sequences
attributed to Grothendieck-Verdier like duality between ambient triangulated categories. In
Section 5 we apply the method of tilted ample chain satisfying boundedness conditions to
explicitly construct new exhaustive positive systems from the slope polynomial induced by
new slope sequences. We argue that in nonsingular projective curves this construction directly
relate to the category of representation of Kronecker quiver P2. In Section 6 we study the
boundedness property of torsion free coherent sheaves and ∆-stability of degree one on a
normal projective surface X over a perfect field. For µ̂-semistable torsion free sheaves on
X we establish an inequality between the Euler characteristic of the µ̂-semistable sheaf E
and the associated polynomial of rank of E, degree of X , µ̂(E), µ̂(OX) and µ̂(ωX). We then
illustrate the different aspects of the proposed correspondence with ∆-stability of degree one
(Bridgeland stability conditions), Hodge Index Theorem and Bogomolov Inequality on X .
Effective restriction theorem and our generalized results in higher dimension are presented
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in Section 7. We give technical computations on the effective restriction theorem of µ̂-
semistable torsion free sheaves on surfaces. For the general results for higher dimensional
schemes which can be deduced from the same arguments in surfaces, we explain our general
theorems of boundedness property, Bogomolov Inequality, ∆-stability of degree = dimX−1,
and effective restriction theorem on any normal integral projective scheme X over a perfect
field.
2. ∆-stability and stability filtration in categories
In this section we present the notions of ∆-stability data and stability filtration in arbitrary
categories. We then discuss the explicit construction of correspondence between two notions
in categories. This construction offers a systematic way to fulfill the conditions of ∆-stability
data in a category that are obtained from the functor subcategory (semistable category)
associated to a given partial order.
2.1. ∆-stability in categories. We first introduce the formal definition of ∆-stability data
on an arbitrary category A.
Definition 2.1. Suppose A is an arbitrary category and a class ∆ is a category with objects
of sequences of the form F ′
i−→ F p−→ F ′′ and morphisms of sequences, Φ is a partial order,
and PΦ = {Pφ}φ∈Φ ⊂ A is a weakly initial and terminal subcategory such that for each
object E /∈ PΦ there exists arrows E → Fm(E), FM(E) → E with Fm(E), FM(E) ∈ PΦ and
M(E) > m(E) ∈ Φ. Pre-∆-stability data on A is a triple (∆,Φ,PΦ) satisfying the following
condition: each object E ∈ A has a Harder-Narasimhan (HN) sequence of the form
E0 −→ E1 −→ · · · −→ En−1 −→ En = E
such that Ej−1
ij−1−−→ Ej
pj−1−−→ Fj ∈ ∆ with FM(E) = E0 ∈ Pφ0 , . . . , Fm(E) = Fn ∈ Pφn , and
φi < φj for all i > j. Moreover, the triple (∆,Φ, {Pφ}) is called a ∆-stability data of A if
(i) h′ ◦ h is not an isomorphism for any sequence Fφ h−→ F ′′φ′
h′−→ Fφ with φ 6= φ′;
(ii) pj−1 ◦ ij−1 = h ◦ pj−2 for some h : Fj−1 → Fj for all j > 0;
(iii) Each sequence Ej−1
ij−1−−→ Ej
pj−1−−→ Fj is unique for all j in ∆, and given a commutative















and f is an isomorphism, then g0, g1 are isomorphisms.
Indeed, ∆-stability data would be closely related to the algebraic structure of non-associative
operations in categories. Let us first consider the following basic examples one could keep in
mind.
Example 2.2. Let the set of objects in the category A be the natural numbers (N,−), and
if n1, n2, n3 := n2 − n1 ∈ N then we define the sequence n1 → n2 → n3 ∈ ∆. It is clear
that subtraction is neither an operation in N, but Z, nor associative. Let PΦ = {1} and
Φ := ” = ”, then for each number n 6= 0 ∈ N, there is a finite sequence 1→ · · · → n− 1→ n
such that n − (k + 1) → n − k → 1 ∈ ∆ for 0 ≤ k ≤ n − 2, and we call such sequence a
Jordan-Hölder (JH) sequence of n. Moreover, lengths of JH sequence of objects in A induces
a new partial order < different from the original one ” = ”. In more general case, we could
not expect the uniqueness of JH sequences of objects, but the length of objects is independent
to the choice of different JH sequences, for instance, JH filtration of each semistable sheaf in
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the category of coherent sheaves. Therefore in this article we only consider HN sequences of
objects in categories.
Example 2.3. Let the set of objects in the category A be positive integers N∗, and if
n1, n2, n3 := n2/n1 ∈ N∗ then we define the sequence n1 → n2 → n3 ∈ ∆. Obviously division
is not an operation in N∗ but Q+. Let PΦ = {pn} for all prime numbers p and n ∈ N, and
pn11 > p
n2



















with p1 > p2 > · · · > pk, and each factor pnii has the JH sequence induced by pi. Indeed, the
triple (∆, ” > ”, {pn}) is a ∆-stability data if we impose the commutative condition (ii) in
Def. 2.1: pj−1 ◦ ij−1 = h ◦ pj−2 for all h on A.
Example 2.4. Suppose A is the abelian category of all finite dimensional vector spaces over
a division ring R spanned by {vi} for all i ∈ N. Given a triple of vector spaces (V1, V2, V3),
we define a sequence V1 → V2 → V3 if V1 = Rvn1 ⊕ · · · ⊕ Rvnl−1, V2 = Rvn1 ⊕ · · · ⊕ Rvnl−1 ⊕
Rvnl, V3 = Rvnl. Here each arrow in sequences is a regular linear transformation of vector
spaces unique up to isomorphism in A. Thus every nontrivial finite dimensional vector space
V has the HN sequence
Rvn1 Rvn1 ⊕ Rvn2 · · · Rvn1 ⊕ · · · ⊕ Rvnl−1 V = Rvn1 ⊕ · · · ⊕Rvnl
Rvn2 Rvnl−1 Rvnl
where Rvni > Rvnj if i < j, and each factor Rvni has the only trivial JH sequence itself.
If As is the subcategory of A such that HomR(vi, vj) = 0 for i > j, then (∆, ” > ”, {Rvi})
forms a ∆-stability data on As.
To the best of the author’s knowledge, there are some more examples. In homotopy theory,
each simple space X of homotopy type of CW complex has a Postnikov system, infinite HN
sequence with inverse arrows, such that each factor space is an Eilenberg-Mac Lane space
K(πn(X), n) (see [May99]). In quantum mechanics, each quantum state is a superposition
of stable states in the relevant Hilbert space determined by the quantum mechanical system.
If the class ∆ is a set of all short exact sequences of an abelian category A, then the ∆-
stability data defined by the triple is coincided with stability data presented by A. L. Goro-
dentsev and S. A. Kuleshov and A. N. Rudakov [GKR04] and the finite sequence is the
regular Harder-Narasimhan filtration. Thus we call the triple ∆-stability data of A. Indeed,
if the class ∆ consists of all short complexes lying on distinguished triangles in a triangulated
category T , then a ∆-stability data of T gives a t-stability in the sense of [GKR04].
If the stability data is induced by exceptional sequences in the associated derived category
Db(A) of an abelian category A [Bon89], then we say that it is an exceptional stability
data of A and induces a exceptional t-stability of Db(A). For example, on P1 over a field
k there is a uniquely determined decreasing sequence of integers a1 ≥ · · · ≥ ar such that
E ≃ O(a1)⊕ · · · ⊕ O(ar) for each vector bundle E of rank r on P1 (see [HL10]).
Suppose a triangulated category T is strongly generated by an extension-closed subcategory
E ⊂ T , that is, for each object E ∈ T and a fixed integer MT there exists a Harder-
Narasimhan sequence such that each object Fj belongs to 〈E〉 with the length of HN sequence
≤MT . Then (∆,Φ := {0, 1, . . . ,MT }, {Pφ := 〈E〉}) is a pre-∆-stability data of T . Indeed, for
any smooth separated scheme X the triangulated category of perfect complexes has a strong
generator, thus a pre-∆-stability data (see A. Bondal and M. Van den Bergh [BvdB03]).
Moreover, for some wrapped Fukaya category of Liouville manifolds one may find some (split)
generators inducing a pre-∆-stability data (see M. Abouzaid [Abo10]).
7
2.2. Stability filtration in categories. In general, different categories can have similar ∆-
stability data and HN sequences of objects even their sources are totally different, and thus
share some categorical invariant or partial orders. So the natural question is that what sorts
of conditions are sufficient or necessary for existence of ∆-stability data in given categories.
The first attempt to define a ∆-stability data in a category A is to find a trivial morphism
class and stability filtration of A defined below.
Definition 2.5. Let P be a partial order “≤” and A is a category with a zero or trivial
morphism class 0c such that f ◦ 0c = 0c ◦ f = 0c if compositions are defined. Then the









= 0c if j < i ∈ P for all functors F, F ′ ∈ AP op, and E0 denotes the smallest full
subcategory containing SSAPop (P ) of A. We defined the subcategory En of A by induction
on n such that all En ∈ En satisfy the following conditions:
(i) HomA(E
n, E0) 6= 0c or ∅, and HomA(En−1, En) 6= 0c or ∅;
(ii) A nontrivial connected diagram in the comma category (En ↓ E0) has a weakly initial
object p : En → E0 such that given another object p′ : En → E ′0 with p = h ◦ p′,
the composite arrow E0
h′−→ E ′0 h−→ E0 is an identity. Here weakly initial means
that for any nontrivial arrow p′ : En → E ′0, it would fulfill p′ = h′ ◦ p for an arrow
h′ : E0 → E ′0;
(iii) A nontrivial connected diagram in the comma category (En−1 ↓ En) has a weakly
terminal object i : En−1 → En such that given another object i′ : E ′n−1 → En, the
composite arrow En−1
h′−→ E ′n−1 h−→ En is an identity for nontrivial morphisms h, h′;
(iv) m(En) < m(En−1), where m(Ei) ∈ E0 is the weakly initial object in (Ei ↓ E0).
It turns out that
⋃∞
m=0 Em ⊂ A and if E ∈ En for all E ∈ A and n ≥ 0, then E0 ⊂ E0 ∪ E1 ⊂
· · · ⊂ A is called a stability filtration of A.
Theorem 2.6. If the category A has a ∆-stability data, then there exists a subcategory As
with the same objects of A and same ∆-stability data such that As has a stability filtration.
Conversely, if A has a stability filtration, then A has a ∆-stability data.
Proof. Suppose there is a ∆-stability data on A, we first define the full subcategory E0 :=
PΦ with HomE0(Fφ, Fφ′) := 0c if φ > φ′ ∈ P := Φ, and En to be a subcategory of A
with objects ob(En) := {E ∈ A | HN length(E) = n} and HomEn(En, E ′n) = {f ∈
HomA(E
n, E ′n) | (h1, f, h2) : (En−1 → En → E0) → (E ′n−1 → E ′n → E ′0) ∈ Hom(∆), h1 ∈
HomEn−1(E
n−1, E ′n−1), h2 ∈ HomE0(E0, E ′0)}. For each object En ∈ En, there exists a
unique sequence En−1
i−→ En p−→ E0 ∈ ∆ by assumption. Thus we can define morphisms
in An := ⋃nm=0 Em as
(i) HomAn(E
n, E0) := HomA(E0, E0) ◦ p;
(ii) HomAn(En−1, En) := i ◦ HomAn−1(En−1, En−1);
(iii) HomAn(E
n, E ′n) := HomEn(E
n, E ′n).
One could see that the definition is well defined under composition of morphisms, and
HomAm(E
n, E0) = HomAn(En, E0) for all m ≥ n since p ◦ i = 0c. Also HomAm(En, E ′n) =
HomAn(E
n, E ′n), thus HomAm(En−1, En) = HomAn(En−1, En). It turns out that En p−→ E0
is a weakly initial object of the connected diagram containing p 6= 0c in (En ↓ E0) within
As := ⋃∞m=0 Em. Indeed, since p is unique up to isomorphisms in A, p = 0c if and only if
p = 0c ◦ g for some g ∈ HomAn(En, Fφ) with Fφ > E0. But g = h ◦ p for h ∈ HomA(E0, Fφ),
thus by the uniqueness p = 0c ◦ h ◦ p with an identity 0c ◦ h ∈ HomAs(E0, E0). However, the
assumption of ∆-stability data implies 0c ◦ h is not an isomorphism as φ > m(En). Hence
p 6= 0c in As.
Moreover, p is a weak universal arrow in As by (i), and given any morphism p′ : En → E ′0









and the left and middle vertical arrows are identities, thus h◦h′ is an identity by the fact of ∆-
stability. Similarly, En−1
i−→ En becomes a weakly terminal object of the connected diagram
containing i 6= 0c in (En−1 ↓ En) within As. Hence {E0, E1, . . . } is a stability filtration of
As ⊂ A.
Conversely, assume that A has a stability filtration {E0, E1, . . . } with a trivial morphism
class 0c, and PΦ := E0 with Φ := P . Thus PΦ is weakly initial and terminal. For each objects
En ∈ En there is an universal sequence En−1 in−1−−→ En pn−1−−−→ E0 with pn−1 ◦ in−1 = 0c and
m(En−1) > m(En) = E0. Let the ∆-class being the collection of universal sequences of all
En ∈ En for all n, then each object E ∈ A has the unique HN sequence up to isomorphism.
Indeed, given a diagram of sequences of ∆ with an isomorphism f ,
En−1 En E0




then there exists morphisms h1, h2 such that the both squares are commutative by the weak
universality. Similarly we have a morphism of sequences (h1, f
−1, h2) : (E
′n−1 → E ′n →
E ′0) → (En−1 → En → E0), and hi ◦ h′i = Id, h′i ◦ hi = Id by assumption. It turns out that
h1 and h2 are isomorphisms. Therefore, (∆, P, E0) is a ∆-stability data of A. 
Remark 2.7. Note that we may find some isomorphic objects En ≃ Em in A which are not
isomorphic in As if there does not exist any commutative diagram comparable with this
isomorphism. Indeed, En is not isomorphic to Em for n 6= m in As.
In other words, the existence of ∆-stability data of a category A is equivalent to the
existence of a trivial morphism 0c, a partial order on the objects and a collection ∆ containing
some nontrivial universal sequences in A.
3. Exact ∆-class and ∆-exact functor
3.1. ∆-stability structure. To define semistable subcategory it is expected to have such
a partial order called ∆-stability structure on the objects of A if the following ∆-seesaw
property holds.
Definition 3.1. Assume each sequence in ∆ is unique up to isomorphism, then a ∆-stability
structure on an arbitrary category A is a partial order  on the objects of A such that for
every sequence A→ B → C in ∆, one of the three conditions is satisfied:
(i) A ≺ B ⇔ A ≺ C ⇔ B ≺ C;
(ii) A ≻ B ⇔ A ≻ C ⇔ B ≻ C;
(iii) A ≍ B ⇔ A ≍ C ⇔ B ≍ C.
This property is called the ∆-seesaw property. An object A ∈ A is called ∆-semistable if
B  A for every sequence B → A→ C in ∆. Note that A is ∆-semistable if no such sequence
B → A→ C exists in ∆.
Lemma 3.2. Suppose A is a category with a ∆-stability structure with respect to the class ∆
of sequences, such that each morphism f : E1 → E2 of ∆-semistable objects in A can either
fit into one of two sequences of ∆: E1
f−→ E2 → F , F → E1 f−→ E2, or E1 f1−→ F f2−→ E2 with
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f = f2 ◦ f1. We define 0c := f if E1 ≻ F or F ≻ E2, then HomA(E1, E2) ≡ 0c for any
∆-semistable objects E1, E2 with E1 ≻ E2.
Proof. If HomA (E1, E2) 6= 0c for some E1 ≻ E2 with ∆-semistable objects E1 and E2, then
there exists a non-trivial morphism f 6= 0c : E1 → E2 of Hom(E1, E2). By the assumption f
can not fit into neither E1
f−→ E2 → F , nor F → E1 f−→ E2, which implies E1  E2 since E1
and E2 are ∆-semistable. Thus f = f2 ◦ f1 with E1  F and F  E2 but this contradicts to
E1 ≻ E2. Hence HomA(E1, E2) ≡ 0c. 
3.2. Exact ∆-class. In general, given a ∆-stability structure the existence of Harder-Narasimhan
sequence of any object of A is still unclear. However, if the class ∆ fulfills the exact condition
and the category A is weakly ∆-Aritinian and weakly ∆-Noetherian, then the existence of
Harder-Narasimhan sequences is given by the theorem 3.5, a generalization of the theorem
in [Rud97,Bri07].
Definition 3.3. The class ∆ of sequences in a category A with a specific morphism class S
is called an exact class of A if i, p 6= S and are not isomorphisms for any E ′ i−→ E p−→ F ∈ ∆,
and the following conditions are fulfilled
(i) For any two sequences F1 → E1 p1−→ E2, F2 → E2 p2−→ E3 ∈ ∆, there exists such
sequences F ′1 → E1
p2◦p1−−−→ E3, F1 → F ′1 → F2 ∈ ∆;
(ii) For any two sequences E1
i1−→ E2 → F1, E2 i2−→ E3 → F2 ∈ ∆, there exists such
sequences E1
i2◦i1−−→ E3 → F ′1, F1 → F ′1 → F2 ∈ ∆;
(iii) For any sequence E1
i−→ E2 p−→ F1 ∈ ∆with morphisms f : E2 f−→ E ′2 and p′ : E ′2
p′−→ F ′1,











Similarly, if p ◦ f ′ ◦ i′ = S for morphisms f ′ : E ′2
f ′−→ E2, i′ : E ′1
i′−→ E1, then there
exists a morphism g0 ∈ Hom(E ′1, E1) so that i ◦ g0 = f ′ ◦ i′.













if two of morphisms (g0, f, g1) are isomorphisms, then the other is also an isomor-
phism. Moreover, if f is an identity, p′ = p and i′ = i then g0, g1 are identities.
Let us consider the following easy example first before further formal discussion.
Example 3.4. Suppose A is the category N∗ with the ∆ class induced by division as Exam-
ple 2.3. Then a trivial morphism S could be defined as the composite p ◦ i for any sequence
n1
i−→ n2 p−→ n2/n1 in ∆, and any composite with a trivial morphism is itself a trivial mor-
phism. One can easily check that condition (i) and (ii) of ∆-exactness above are satisfied.
We assume morphisms induced by condition (i) and (ii) are commutative, for instance, the
squares below are all commutative
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n1 n2 n2/n1 n1/n2 n1 n2
n1 n3 n3/n1 n1/n3 n1 n3

















i2 p2 i2 p2
where each row and dashed column sequence is belonging to ∆ class. Indeed, condition (i)
and (ii) with commutativity are similar to the octahedron axiom in triangulated categories.
To prove condition (iii) of ∆ exactness, we only have to assume p′ ◦ f 6= S, otherwise
g1 = S. Any nontrivial morphism can be decomposed as pm ◦ im−1 ◦ · · · ◦ p2 ◦ i1 for ij , pj
fitting in some sequences of ∆. Since p′ ◦f ◦ i = S, it turns out that p′◦f ◦ i = · · ·◦(p̄◦ ī)◦· · ·
by commutativity, where p̄ ◦ ī = S. Then g1 is given by the composite of induced morphisms
in condition (i) and (ii). Therefore, this ∆ class with the trivial morphism S and the law of
commutativity forms an exact ∆ class. Note that there is no isomorphism but identity in A,
thus condition (iv) is trivial.
Weakly ∆-Artinian means that there are no infinite chain of objects of A
· · · i3−→ E2 i2−→ E1 i1−→ E
with E ≺ E1 ≺ E2 ≺ · · · and Ej
ij−→ Ej−1 → Fj ∈ ∆ for all j > 0. Dually, weakly
∆-Noetherian means that there are no infinite chain of objects in A
E
p1−→ E1 p2−→ E2 p3−→ · · ·
with E ≻ E1 ≻ E2 ≻ · · · and Fj → Ej−1
pj−→ Ej ∈ ∆ for all j > 0. Note that the definition
of the weakly Noetherian is a bit stronger than Rudakov used in [Rud97]. In this article it
would be sufficient to consider such a stronger conditions proposed by Bridgeland [Bri07].
Theorem 3.5. Given an exact ∆-stability structure on a category A with Hom(A,B) = 0c =
S for ∆-semistable objects A ≻ B. If A is weakly ∆-Artinian and weakly ∆-Noetherian, then
for every object E ∈ A, there exists a unique Harder-Narasimhan sequence
E0
i0−→ E1 i1−→ · · ·
in−1−−→ En in−→ E
such that for j > 0, Ej−1
ij−1−−→ Ej → Fj−1 ∈ ∆, and Fj are ∆-semistable objects of A with
F0 ≻ F1 ≻ · · · ≻ Fn.
Proof. Given an object E of A, if E is ∆-semistable then we are done and let E0 be the
full subcategory consisting of all ∆-semistable objects in A. So we assume E is not ∆-
semistable, thus there exists a sequence E ′ → E → F ∈ ∆ with E ′ ≻ E. Continuing the
process we obtain a chain of objects, then the condition of weakly ∆-Artinian and exactness
of ∆ imply that such a chain must terminate, i.e. we get a ∆-semistable object A such that
A → E → F ′ ∈ ∆ with A ≻ E. Similarly, every object of A has a ∆-semistable object
B such that F ′′ → E → B with E ≻ B by the assumption of weakly ∆-Noetherian and
exactness of ∆.
To construct the Harder-Narasimhan sequence of E, we first need the existence of a weakly
initial object called maximally destabilising object (mdo) in (E ↓ E0). A mdo of an object
E ∈ A is an object B ∈ A such that
(i) F → E p−→ B is a sequence in the exact class ∆,
(ii) if p′ : E
p′−→ B′ is a nontrivial morphism such that E ≻ B′, then B  B′,
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(iii) the equality in (ii) holds only if the morphism E
p′−→ B′ factors through E p−→ B h
′
−→ B′
for a nontrivial morphism h′ : B
h′−→ B′ ∈ Hom(B,B′). If p = h ◦ p′ for a morphism
h : B′
h−→ B, then h ◦ h′ is identity of B.
Note that a ∆-semistable object is just its mdo.
Since E is not a ∆-semistable object of A, we have such a sequence A → E → E ′ with
∆-semistable object A and A ≻ E ≻ E ′. Now we suppose B is a mdo for E ′. If E → B′
with ∆-semistable object B′ and B′  B then B′ ≺ A and thus Hom(A,B′) = 0c by the
assumption. Hence the exactness of the class ∆ implies that the morphism E → B′ factors
through E → E ′ → B′, thus the object B is also a mdo of E since there is a sequence
A′ → E → B ∈ ∆. Now repeating the argument for E ′, and so on, the assumption of weakly
∆-Noetherian implies that the process must terminate. It turns out that every object of A
has a mdo.
Now we have a sequence E ′ → E → B ∈ ∆ with B a mdo of E and E ′ ≻ E for a non-∆-
semistable object E. Given a mdo B′ of E ′ there are associated sequences K → E ′ → B′,
K → E → Q and B′ → Q→ B in ∆ by the assumption of exactness of ∆. Since B is a mdo
of E, the second sequence and the condition (ii) imply that B ≺ Q and thus B′ ≻ B by the
∆-seesaw property. Repeating the process for E ′ and so on, we obtain a chain of objects of
E
· · · → E2 → E1 → E0 = E
such that E0 ≺ E1 ≺ E2 ≺ · · · and with ∆-semistable objects F j such that Ej+1 → Ej →
F j ∈ ∆ for all j ≥ 0. By the assumption of weakly ∆-Artinian, this chain must terminate
eventually and gives a Harder-Narasimhan sequence of E.
Finally, to prove the uniqueness of HN sequence of E we only need to prove the uniqueness
of Ej+1




−→ F ′j ∈ ∆ with a mdo F ′j ≃ F j such that
the right square in following diagram is commutative
Ej+1 Ej F j







and f, g are isomorphisms, we have Hom(Ej+1, F ′j) = 0c since E
j+1 ≻ Ej ≻ F ′j and
mdo(Ej+1) ≻ F ′j. Thus there is a morphism h : Ej+1 h−→ E ′j+1 so that the left square
in the diagram above is commutative. It turns out that h is an isomorphism as f, g are
isomorphisms. Indeed, Ej+1
i−→ Ej is a weakly terminal object. Therefore, each object E in
A has a Harder-Narasimhan sequence unique up to isomorphism. 
Example 3.6. Let A be the category N∗ with the exact ∆ class as Example 3.4. We define
a length function on A by L(n) = l if n = p0pm11 pm22 · · ·pmll with p0 = 1 and primes pj > pj+1
for n ∈ N∗, and n1 ≻ n2 ≻ n3 for each sequence n1 → n2 → n3 ∈ ∆ if there exists an
integer 0 ≤ l̄ ≤ min{L(n1), L(n3)} such that pL(n1)−l̄ > pL(n3)−l̄ and pL(n1)−j = pL(n3)−j for
0 ≤ j < l̄. Then the partial order induces a ∆-stability structure with ∆-semistable objects
{pmjj } for all primes pj and positive integers mj on A which is obviously weakly ∆-Artinian
and ∆-Noetherian. It turns out that the HN sequence for each n ∈ N∗ given by the exact ∆
class with this ∆-stability structure is the same as the one in Example 2.3.
Example 3.7 (Wedderburn-Artin theory). Suppose R is a left semisimple ring with identity
and A is the abelian category of finitely generated unitary left R-modules. Here we call R
left semisimple if each short exact sequence of left R-modules is split. Obviously the set
of all nontrivial short exact sequences is an exact ∆ class of A. By split exactness and
Zorn’s lemma we have a decomposition R =
⊕
i∈I Si into simple left R-modules Si with
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|I| < ∞. Hence A ∈ A is a direct sum of a finite number of simple submodules and thus
A is Artinian and Noetherian. Let {V1, V2, . . . , Vr} be a full set of mutually nonisomorphisc
simple left R-modules with division rings Dj = EndR(Vj), then {V ⊕n11 , V ⊕n22 , · · · , V ⊕nrr } for
all n1, n2, . . . , nr ∈ N∗ forms the full set of ∆-semistable objects ordered as V1 > V2 >
· · · > Vr. Thus R can be written as V ⊕m11 ⊕ V ⊕m22 ⊕ · · · ⊕ V ⊕mrr and R ≃ EndR(R) ≃
EndR(V
⊕m1
1 )⊕ EndR(V ⊕m22 )⊕ · · · ⊕ EndR(V ⊕mrr ) ≃Mm1(D1)⊕Mm2(D2)⊕ · · · ⊕Mmr(Dr),
where Mm(D) is a m×m matrix over a division ring D.
Example 3.8. Any bounded t-structure of a triangulated category T induces a ∆-stability
data on T . Indeed, let ∆-class be the class of distinguished triangles associated to the
bounded t-structure, i.e., for any E ∈ T , n ∈ N there exists a distinguished triangle A →
E → B → A[1] with A ∈ obD≤n, B ∈ obD≥n+1, and ∆-stability structure is given by
A ≻ B ≻ C for A → B → C ∈ ∆. Then T is weakly ∆-Artinian and weakly ∆-Noetherian
by the boundedness of t-structure. It follows that T has a ∆-stability data with ∆-semistable
objects in {A[n]}, n ∈ N. Here A is the heart of bounded t-structure.
Example 3.9. A semi-orthogonal sequence of full admissible triangulated subcategories
T1, . . . , Tn ⊂ T induces a ∆-stability data on T . Recall Tj ⊂ T ⊥i for j < i and orthogonal
complements T ⊥n , . . . , T ⊥n ∩· · ·∩T ⊥1 are triangulated subcategories. Then for all object E ∈ T
there exists a distinguished triangle A→ E → B → A[1] with A ∈ Ti and B ∈ T ⊥n ∩· · ·∩T ⊥n−j .
The collection of these distinguished triangles forms a ∆-class with the ∆-stability structure
A ≻ B ≻ C for A→ B → C ∈ ∆. So it induces a ∆-stability data on T with ∆-semistable
objects {Tn, . . .T1, T ⊥n ∩ · · · ∩ T ⊥1 }.
3.3. ∆-exact functor. Compared to ∆-stability data in a category A studied in previous
sections, the structure of the exact ∆-class on A turns out to be much richer. Indeed, Quillen
exact category is an additive category with the exact ∆-class given by admissible short exact
sequences which can be embedded into an abelian category. Thus Quillen exact class can be
considered as a special exact ∆-class with pull-back and push-out on A.
In the following we would discuss some properties of those functors preserving exact ∆
structures, and relations of ∆-stability data associated to relevant exact ∆-class.
Definition 3.10. Suppose (A,∆A) and (B,∆B) are categories with exact ∆ classes ∆A,∆B,
respectively. Then a functor T : A → B is called ∆-exact if T (∆A) ⊂ ∆B and T (SA) = SB.
One could see that T is a regular exact functor in case that A and B are abelian with
all short exact sequences ∆A and ∆B, respectively. Indeed, if A is an extension closed full
subcategory of an abelian or triangulated category, the inclusion functor is a ∆-exact functor.
Proposition 3.11. Let T : A → B be a ∆-exact functor, and A has a ∆-stability data
induced by the exact class ∆A. Then B has a ∆-stability data induced by T (∆A).
Proof. Since T is ∆-exact, T (∆A) forms an exact ∆-class of B. Hence B has a ∆-stability
data induced by (T (∆A),Φ,PΦ) with ∆-semistable objects (B \ T (∆A))
⋃PΦ(T (A)). 
Corollary 3.12. Suppose each functor T j : Aj → B is ∆-exact for j ∈ J , a small set, each







= ∅ for j 6= j′. Then B has a




It turns out that a ∆-exact fully faithful functor T would preserve Harder-Narasimhan
sequences, or ∆-stability data. So this argument leads to a natural question that whether
we could find a preorder on the exact class ∆B containing T (∆A) such that there exists a ∆-
stability data induced by ∆B and each object in T (A) has a Harder-Narasimhan sequence over
T (A). More precisely, given a family of full subcategories with ∆-stability data {(Aj,∆Aj )},




B. Indeed, we have the following gluing theorem.
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Theorem 3.13. Let {T j : Aj → B} be a collection of ∆-exact fully faithful functors, and
each Aj has a ∆-stability data induced by an exact class ∆Aj for j ∈ J , a small set. Assume




= ∅ for j 6= j′, then there exists a ∆-stability data of B induced by an
exact class ∆B ⊃
⋃
j∈J T
j(∆Aj ) with ∆B-semistable objects
⋃
j∈J PΦj (T j(Aj)) and the partial
order (J, {ΦJ}) by lexicographic order if and only if
(i) there exists a partial order ≤ on J such that Hom
(




= S if j > j′,
(ii) for each object E of B\⋃j∈J T j(Aj) there is an unique sequence E1
im−→ E pm−→ Ajm ∈
∆B with jm1 := jm(E1) > jm := jm(E) for A
jm ∈ T jm(Ajm),
(iii) Hom(E, T j(Aj)) = Hom(Ajm, T j(Aj)) ◦ pm for j ≤ jm,
(iv) for a large enough M = M(E) ∈ N, im(E) ◦ im(E1) ◦ · · · ◦ im(EM) = iM with
iM : EM = A
jM









j∈J PΦj (T j(Aj))
)
forms a ∆-stability data on B and the par-
tial order restricted to J induces a partial order on J implying (i). Thus each object E ∈ B
has a sequence En−1 → En = E → F 0 ∈ B with m(En−1) > m(E) = F 0, and for a suitable
m ≤ n we have j(En−m) = j(En−m+1) = · · · = j(En) =: jm. By the exactness of ∆B it turns
out that there is a sequence En−m−1
im−→ E pm−→ Ajm ∈ ∆B unique up to isomorphism and
Ajm ∈ T jm(Ajm). Similarly, there exists the unique sequence AjM iM−→ E pM−−→ E ′ ∈ ∆B with
iM = im(E) ◦ im(En−m−1) ◦ · · · and AjM ∈ T jM (AjM ).
On the other hand, the partial order on J in (i) induces a partial order on (J, {ΦJ})
by lexicographic order. For each E ∈ T j(Aj) there is a natural HN sequence induced by
T j(∆Aj ). So we only need to consider the objects E in B \
⋃
j∈J T
j(Aj). Since we have the
sequence E1
im−→ E pm−→ Ajm ∈ ∆B and Ajm has a HN sequence over T jm(Ajm), it leads to a
sequence E1 → Ejmn → Ejmn−1 → Ejmn−2 → · · · → Ejm0 = E so that Ejmk → Ejmk−1 → Ajmk−1 ∈ ∆B,
k = 0, . . . , n, and Ajmn > · · · > Ajm0 . Note that
{
Ajmk ∈ PΦjm (T jm(Ajm))
}
is given by the HN
sequence of Ajm. The assumption (iv) implies that there is a unique sequence of finite length
of E, hence a HN sequence we expect over
⋃
j∈J PΦj (T j(Aj)). 
Remark 3.14. Note that if all Aj and B are additive categories with S = 0, then each null
object in T j(Aj) and B must be identified since any trivial morphism factors through the




= 0, the null object
of B.
For any category A with an exact class ∆A we can not expect each morphism could fit
into a sequence in ∆A in general. However, if A is an additive category, then there exists an
universal triangulated category B such that ∆A belongs to the class of distinguished triangles
of B and each morphism in A can be completed to a distinguished triangle of B. Note that
the class of distinguished triangle of any triangulated category always forms an exact ∆ class
if we take out those distinguished triangles containing isomorphisms.
Proposition 3.15. Let A be an extension-closed full subcategory of a triangulated category
T with an exact class ∆, a subset of distinguished triangles in T . Let ∆A is the set of all
distinguished triangles in ∆ which terms lie on A. Then ∆A is an exact class of A.
Proof. For any two complexes F1 → E1 p1−→ E2, F2 → E2 p2−→ E3 ∈ ∆A over A, they are
also distinguished triangles in T , and the composite map E1 p2◦p1−−−→ E3 can be completed
to be a distinguished triangle F ′1 → E1 → E3 → F ′1[1]. The octahedron axiom implies
that F1 → F ′1 → F2 → F1[1] is also a distinguished triangle, and thus F ′1 ∈ A since A is
extension-closed. Hence F ′1 → E1
p2◦p1−−−→ E3, F1 → F ′1 → F2 ∈ ∆A. By the similar argument,
for any two complexes E1
i1−→ E2 → F1, E2 i2−→ E3 → F2 ∈ ∆A, there exists such complexes
E1
i2◦i1−−→ E3 → F ′1, F1 → F ′1 → F2 ∈ ∆A.
For any commutative diagram of distinguished triangles
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E1 E2 F1 E1[1]
F2 E3 E4 F2[1]
i
g0 f g1 g0[1]
p
the sufficient condition of the existence of morphisms g0 and g1 is p ◦ f ◦ i = 0 (See the
book [GM03]). Therefore, the class ∆A forms an exact class of complexes over A. 
Proposition 3.16. Given an additive category A with an exact ∆-class ∆A, then there
exists an additive category B with an exact ∆-class ∆B, and a ∆-exact fully faithful functor
U : A → B such that each (non-isomorphic) morphism f : E → F in Mor(A) can fit into a
sequence in ∆B.
Proof. Let K(A) be the homotopy category of A which is a triangulated category with a class
of distinguished triangles E
f−→ F π−→ C(f) [1]−→ · · · . For any sequence E f−→ F g−→ G ∈ ∆A, we
have distinguished triangles E
f̄−→ C(g)[−1] → C(f̄) → · · · and C(f) ḡ−→ G → C(ḡ) → · · · .
Then one can define a Null system N , full saturated triangulated subcategory of K(A),
such that C(f̄)[i], C(ḡ)[i] ∈ N for all f, g ∈ ∆, i ∈ N, and obtain the localized triangulated
category B = K(A)/N (see [KS06]). 
Corollary 3.17. Suppose T is a triangulated category with a bounded t-structure. Then its
heart A has a stability data if and only if T has a ∆-stability data induced by the exact class
∆ generated by the bounded t-structure and some short exact sequences of A.
Proof. Assume A has a stability data, and T j : A[j]→ T is the inclusion functor for all j ∈ Z.
The bounded t-structure. The truncation functors corresponding to the given bounded t-
structure give the unique distinguished triangle E1
im−→ E pm−→ A[jm] as the one in the gluing
theorem for all E. Let ∆ be the collection of all short exact sequences of A[j] for all j ∈ Z
and E1
im−→ E pm−→ A[jm] for all E. Thus ∆ forms an exact class of T with the partial order
Z × Φ. Therefore, T has a ∆-stability data induced by assumption of the gluing theorem
above.
Conversely, the exact class ∆ restricted to the heart A is collection of short exact sequences
of A and thus the HN sequence of E ∈ A induced by ∆ is a HN filtration of E over A. Hence
A has a stability data. 
Corollary 3.18. Suppose a triangulated category T admits a semi-orthogonal sequence Tn, . . . , T1,
then T has a ∆-stability data induced by the exact class ∆ generated by distinguished trian-
gles associated to the semi-orthogonal sequence and each exact ∆j-class of Tj if there exists
a ∆j-stability data on Tj.
In the above cases A and B informally share the same ∆-stability data (∆,Φ,PΦ). In
geometric context, there may exist a complete and cocomplete small category P so that ΦA
and ΦB are subcategories of P with induced partial orders, and thus ΦA 6= ΦB in general.
However, if there is a ∆-exact adjunction from A to B, it may give us some constrains or
relations between PΦA and PΦB . The following proposition would be the key idea used later.
Proposition 3.19. Suppose U ⊣ T is a ∆-exact adjunction from (A,∆A) to (B,∆B). As-
sume U(PΦB) ⊂ PΦA and GM(T (E)) ∈ PΦB is the maximal destabilizing factor object of T (E)
for E ∈ PΦA. Then U(GM(T (E)))  E. Similarly, if T (PΦA) ⊂ PΦB and Em(U(G)) ∈ PΦA is
the minimal destabilizing factor object of U(G) for G ∈ PΦB , then T (Em(U(G)))  G.
Proof. Since 0B 6= Hom(GM(T (E)), T (E)) = T (Hom(U(GM(T (E))), E)) ◦ η, and η : GM(T (E)) →
TU(GM(T (E))) is the unit induced by adjunction. By assumption T (0A) = 0B, thus we have
Hom(U(GM(T (E))), E) 6= 0A. Furthermore, U(GM(T (E))) is ∆A-semistable as GM(T (E)) is ∆B-
semistable. It turns out that U(GM(T (E)))  E, otherwise Hom(U(GM(T (E))), E) = 0A, a
contradiction. 
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Since there always exists a zero morphism induced by the exact class ∆A in any category
A, thus if A has finite products which are canonically isomorphic to finite coproduct, we
can impose a commutative monoidal structure on Hom(A) inducing additive structure on A
(see [ML98]). Therefore, in the following we would like to focus on the study of ∆-stability
on additive categories.
4. Weakly ample sequence in additive categories
In this section we introduce a notion of weakly ample sequence in an additive category and
its ambient triangulated category. Ample sequence introduced by A. Bondal and D. Orlov [BO01]
satisfies the condition of weakly ample sequence, but it is not so easy to find such ample se-
quence on the tilted heart of the triangulated category, even in the case of smooth projective
varieties. Alternatively it may be possible to find a weakly ample sequence which allow us
to build suitable slope polynomials on the tilted heart.
4.1. Weakly ample sequence. Let us first recall the notions of the (left) Postnikov system
(See the book [GM03]): given a finite complex A• =
{
A0
d0−→ A1 d1−→ A2 d2−→ · · · dn−1−−−→ An
}
over
T , a diagram of the form
A0 A1 A2 · · · · · · An−1 An
T 0 T 1 T 2 · · · T n−2 T n−1 T n
d0 d1 dn−1
[1] [1] [1] [1]
is called a left Postnikov system subordinated to A•, and the object T := T n[n] is called the
convolution of the left Postnikov system. Here all triangles
T n−r → An−r+1 → T n−r+1 [1]−→ T n−r[1]
are distinguished triangles. The class of all convolutions of A• is denoted by Tot(A•). In
general, Tot(A•) may be empty, and sometimes it contains many non-isomorphic objects. If
T = Db(A) and A• is a bounded complex over A, then the unique convolution is just the
complex A• itself.
Definition 4.1. Let A be an extension-closed full additive subcategory of a k-linear trian-
gulated category T . A sequence of objects Li ∈ A, i ∈ Z is called weakly ample if for some
m ∈ N and each object A 6= 0 in A there exists an integer i0(A) such that for all i′ < i0(A)
the following conditions are satisfied:
(i) A has weakm-resolution property: There exists P (A) ∈ Tot
(
V j=0,...,mi′ (A)⊗k Li′ [−2m]
)
for some k-vector spaces V ji′ (A), so that K(A) := C(P (A) → A)[−1] has weak m-
resolution property.
(ii) If j 6= 0, . . . , m, then Hom(Li′ , A[j]) = 0.
Remark 4.2. If A is trivial, then the weakly ample sequence is denoted by the null object 0.
Note that in the condition (i) of the definition above P (A) is a convolution of the complex
{V 0i′ (A)⊗k Li′ [−2m]→ V 1i′ (A)⊗k Li′ [−2m]→ · · · → V mi′ (A)⊗k Li′ [−2m]} over T . By defi-
nition K(A) has m-resolution property if ∃P (K(A)) ∈ Tot
(
V j=0,...,mi′ (K(A))⊗k Li′[−2m]
)
for i′ < i′(K(A)) so that K1(A) := C(P (K(A))→ K(A))[−1] has m-resolution property.
Definition 4.3. Given a weakly ample sequence {Li} in A as above, the object L0 in {Li}
is called a structure object if for all A in A and all i < 0 the following condition is satisfied:
Hom(Li, A[j]) 6= 0 =⇒ d0,min(A) ≤ j ≤ d0,max(A).
Here d0,max(A) := maxA∈A{j ∈ Z | Hom(L0, A[j]) 6= 0} and d0,min(A) := minA∈A{j ∈ Z |
Hom(L0, A[j]) 6= 0}, and d0(A) := d0,max(A) − d0,min(A) is called the dimension of A with
respect to L0. If A is trivial, then d0(A) := −1.
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For any ample sequence in A, we always have Hom(Li′ , A[j]) = 0 as j 6= 0 by definition,
thus it is weakly ample with m = 0. Indeed, each ample invertible sheave or ample locally free
sheaves on the category of coherent sheaves of a projective variety X spans a ample sequence,
and the structure sheaf OX is a structure object. Actually, the existence of structure objects
in a weakly ample sequence is given by the following easy proposition.
Proposition 4.4. Let {Li} be a weakly ample sequence in a k-linear additive category A and
Hom(A,B[j]) = 0 if j > m1 or j < m2 for some m1, m2 ∈ Z and all A,B ∈ A, then there
exists a weakly ample sequence {L′i} such that L′0 is a structure object of A.
Proof. Assume L0 is not a structure object, and there is an object Lk in {Li} for some k < 0,
and some A in A such that Hom(Lk, A[j]) 6= 0 with j < d0,min(A), or > d0,max(A). Then we
can replace L0 in {Li} by an extension L′0 of L0 by Lk, i.e., Lk → L′0 → L0 → Lk[1], then
d′0,min(A) < d0,min(A), or d′0,max(A) > d0,max(A), respectively. If L′0 is not a structure object,
we can proceed with this construction. Since m1 and m2 are finite numbers, the process must
terminate and thus L′0 is a structure object. 
Given an exact functor between triangulated categories, to decide whether it is fully faithful
or even an equivalence, the existence of bijection between their spanning classes may provide
a sufficient condition, see [Huy06, Bri99, Orl97]. Indeed, a weakly ample sequence in an
abelian category also may form a spanning class in it’s ambient triangulated category by the
following observations.
Proposition 4.5. Given a weakly ample sequence {Li} in a heart A given by a bounded
t-structure of a k-linear triangulated category T and Hom(A,B[j]) = 0 for all A,B ∈ A and
j > d. Suppose for each A ∈ A and m, l ≥ 0 there exists a nontrivial morphism
P (Kl(A)[−1]) ∈ Tot
(
V j=0,...,mi′ (Kl(A))⊗k Li′ [−2l]
)
−→ Kl(A)[−1]
for some k-vector spaces V ji′ (Kl(A)), i
′ = i′(Kl(A)) << 0 and
Kl(A) := C(P (Kl−1(A)[−1])→ Kl−1(A)[−1])
with K−1(A)[−1] := A and H i(Kl(A)) = 0 if i 6= −1, . . . , m − 1, then {Li} is a spanning
class of the ambient category T , that is, for all objects E in T the following conditions are
satisfied:
(i) Hom(Li, E[j]) = 0 for all i, j ∈ Z, then E ≃ 0.
(ii) Hom(E[j], Li) = 0 for all i, j ∈ Z, then E ≃ 0.
Proof. (i): Let E in T be a non-trivial object such that Hom(Li, E[j]) = 0 for all i, j. We
may assume there is a distinguished triangle:
Hn(E)[−n]→ E → E ′ → Hn(E)[1− n]
with En := Hn(E) 6= 0 and Hj(E) = 0 for j < n induced by the bounded t-structure. Since
En ∈ A one could find a convolution P (En) with a nontrivial distinguished triangle
K0(A)[−1]→ P (En)→ En → K0(A).
Thus 0 6= Hom(En, E[n]) = Hom(K0(A), E[n]). By assumption, there is also a distinguished
triangle
K1(A)[−1]→ P (K0(A)[−1])→ K0(A)[−1]→ K1(A)
which implies Hom(En, E[n]) = Hom(K0(A), E[n]) = Hom(K1(A)[1], E[n]). Thus, recur-
sively we have isomorphisms
0 6= Hom(En, E[n]) = Hom(K0(A), E[n]) = Hom(K1(A)[1], E[n]) = · · · .
However, for a fixed object E ∈ T there exists i(E) such that Hom(Kl(A)[i′], E) = 0 for
i′ > i(E) and all Kl(A), since E is a convolution of a bounded complex over A given
by the bounded t-structure. Indeed, one can easily see this by the spectral sequence of
convolutions [GM03]. Note that Kl(A) is also a convolution of a bounded complex over A by
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assumption. It turns out that Hom(Kl(A)[i
′], E) = 0 for all i′ >> 0, a contradiction. Hence
E ≃ 0.
(ii): We assume E has a distinguished triangle
Hn(E)[−n− 1]→ E ′ → E → Hn(E)[−n]
with Hn(E) 6= 0 and Hj(E) = 0 for j ≥ n. As (i) we have isomorphisms
0 6= Hom(E[n], En) = Hom(E[n], K0(A)) = Hom(E[n], K1(A)[1]) = · · · .
Similarly, for a fixed object E ∈ T there exists i(E) such that Hom(E,Kl(A)[i′]) = 0 for
i′ > i(E) and all Kl(A). Thus it leads to E has to be isomorphic to 0, so we are done. 
Remark 4.6. If {Li} is weakly ample with m = 0 and the nontrivial morphism in condition
(i) of weak ample sequences is epi in A of finite homological dimension, then {Li} forms a
spanning class in T . Indeed, this case is the same as the one in the ample sequence.
However, in general for arbitrary ambient triangulated category T , it is unnecessary for a
weakly ample sequence of A to be a spanning class of T . Instead, we have to quotient out
some objects which are (left and right) orthogonal to the weakly ample sequence of A. Here,
the right orthogonal complement of a subcategory T ′ ∈ T is a full subcategory T ′⊥ of all
objects A′ ∈ T such that Hom(B,A′) = 0 for all B ∈ T ′, and the left orthogonal complement
⊥T ′ is defined in the similar way.
Proposition 4.7. Let {Li}, i ∈ Z be a weakly ample sequence of an extension closed full
additive subcategory A in a k-linear triangulated category T . Then {Li}⊥ := {A ∈ T |
Hom(Li, A[j]) = 0, for all i, j ∈ Z} is a triangulated subcategory of T . If 〈{Li}〉 denotes the
smallest triangulated subcategory containing {Li}, then {Li}⊥ ≃ 〈{Li}〉⊥.
Proof. Clearly 0 ∈ {Li}⊥ which is invariant under the shift functor [1]. For any distinguished
triangle A → B → C → A[1] in T with A,B ∈ {Li}⊥, by the long exact sequence induced
by Hom(Li,−) one easily see that Hom(Li, C[j]) = 0 for all i, j ∈ Z. Hence C ∈ {Li}⊥ and
thus {Li}⊥ is a triangulated subcategory of T .
For the second statement, since 〈{Li}〉 is a triangulated subcategory, 〈{Li}〉⊥ is also a tri-
angulated subcategory of T and 〈{Li}〉⊥ ⊂ {Li}⊥. For any B ∈ {Li}⊥, ⊥B := {A ∈ T |
Hom(A[j], B) = 0, for all j ∈ Z} is a triangulated subcategory of T by the similar argument
above and 〈{Li}〉 ⊂ ⊥B since 〈{Li}〉 is the smallest triangulated subcategory containing {Li}.
Hence Hom(〈{Li}〉, B) = 0, thus B ∈ 〈{Li}〉⊥, and it turns out that {Li}⊥ ≃ 〈{Li}〉⊥. 
Let us show that invariants similar to the Euler characteristic induced by a weakly ample
sequence in an additive category A embedded in a triangulated category T can be com-
puted explicitly for any convolution T ∈ Tot(A•) over A even we know nothing about the
differentials di’s.
Lemma 4.8. Given a finite complex A• =
{
A0
d0−→ A1 d1−→ A2 d2−→ · · · dn−1−−−→ An
}
over A and
Tot(A•) is not empty, assume there is an object L ∈ A such that Hom (L,Ai[j]) = 0 for all
i = 0, . . . , n and j > m, or < 0, then for T ∈ Tot(A•) we have
m−n∑
j=−2n






where hom := dimk Hom.
Proof. We proceed by induction on the length n of the complex A•. For n = 0 it is trivial.
Let n > 0. The distinguished triangle
T n−1 → An → T [−n] := T n [1]−→ T n−1[1]
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implies the long exact sequence
0→ Hom(L, T n[−1])→ Hom(L, T n−1)→ Hom(L,An)→ · · · → Hom(L, T n[m])→ 0
and Hom(L, T n[−j]) = Hom(L, T n−1[−j + 1]) for j = 2, . . . , n. Hence,
m∑
j=−n







Furthermore, T n−1[n−1] is a convolution of the complex
{
A0






















so we are done. 
Proposition 4.9. Let T ′ be a full saturated subcategory of a k-linear triangulated cate-
gory T , and for each X ∈ T ′ there exists a series of objects {L′i}, i′ < i0(X), belong to
a weakly ample sequence {Li} of an extension closed full additive subcategory A of T such




∣∣∣ < ∞ for some Aj ∈ A. Then T ′ is a full saturated
triangulated subcategory containing all convolutions Tot(A•) of each complex A• over A.
Proof. 0 ∈ T ′, and X ∈ T ′ if and only if X [1] ∈ T ′. It is enough to check is that given
a distinguished triangle X → Y → Z → X [1] and X,Z ∈ T ′, then Y ∈ T ′. Indeed we
can choose i′ < min{i0(X), i0(Z)} and the long exact sequence induced by the cohomolog-
ical functor Hom(Li′ ,−) implies χ(Li′ , Y ) = χ(Li′ , X) + χ(Li′ , Z) =
∑
j(−1)jχ(Li′ , Aj) +∑
j(−1)jχ(Li′ , Bj) =
∑
j(−1)jχ(Li′ , Aj ⊕Bj). Since A is extension closed full additive sub-
category of T , Aj ⊕ Bj ∈ A for all j. Hence Y is belong to T ′. Then the restriction of
the shift functor [1] and the collection of distinguished triangles X → Y → Z → X [1] with
X, Y, Z ∈ T ′ make T ′ a full saturated triangulated subcategory of T . 
4.2. Chain of supported weakly ample sequence.
Definition 4.10. We say that a morphism f ∈ Hom(E, F ) for some E, F ∈ A fulfills the





≃ C(Qf → Kf )[−1] for some Qf , Kf ∈ T
such that there exists k-linear additive categories AL and AR with weakly ample sequences(
{LLi }, LL0
)
and ({LRi }, LR0 ), respectively, and for all objects A in A, j ∈ Z, the following
condition are satisfied:





for some TL(A) ∈ Tot(AL,•)
over AL.
(ii) HomT (Qf , A[j]) ≃ HomT R
(
LRi(Qf ), T
R(A)[n(Qf ) + j]
)
for some TR(A) ∈ Tot(AR,•)
over AR.
Here, n(Kf ), n(Qf) ∈ Z, d0(AL/R) < d0(A) and T , T L, and T R denote ambient triangulated
categories of A, AL, and AR, respectively.
Theorem 4.11. Let ({Li}, L0) be a weakly ample sequence with a structure object L0 in
a k-linear additive category A of dimension d0(A) < ∞. ({Li}, L0) is called a supported
weakly ample sequence in A if there exists nontrivial morphisms fi : Li → Li+1 for all i < 0




and ({LRi }, LR0 ) are supported weakly
ample sequences of AL and AR, respectively. Then for any A in A there is an numerical
polynomial Pt(A) ∈ Q[t] of degree r ≤ d0(A) such that χA(Li, A) = P−i(A) for all i < 0.
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Proof. We use induction on the dimension of A with respect to L0. Suppose d0(A) = 0, by
assumption of support conditions we have the following distinguished triangles
Li −→ Li+1 −→ C(fi) −→ Li[1],
C(fi) −→ Qfi −→ Kfi −→ C(fi)[1],
which implies
χA(Li, A)− χA(Li+1, A) = χA (Kfi, A)− χA (Qfi , A) .
Since d0(AL) < d0(A) and d0(AR) < d0(A), which implies HomA(Kfi, A[j]) = HomA(Qfi , A[j]) =
0, one finds χA(Kfi , A) = χA(Qfi, A) = 0, thus χA(L0, A) = χA(L1, A) = · · · is a constant
polynomial.
Assume d0(A) > 0. For each i there exists bijections HomT (Kfi, A[j]) ≃ HomT L(LLi , TL[n+
j]), and thus χA(Kfi, A) = (−1)nχAL(LLi , TL) with d0(AL) < d0(A) by assumption. Similarly,
we have χA(Qfi, A) = (−1)mχAR(LRi+1, TR) with d0(AR) < d0(A). By induction χA(Kfi, A)
and χA(Qfi , A) are both polynomials of degree < d0(A) since χAL(LLi , TL) and χAR(LRi , TR)
do by the Lemma 4.8, so that χA(Li, A) = P−i(A) is a numerical polynomial of degree r ≤












+ · · ·+ cr(A).
Here K(A) is Grothendieck group of A. 
Definition 4.12. Given a supported weakly ample sequence {Li} in an additive category

































































form chains of supported weakly ample sequences of A(1) and A(−1),








Lemma 4.13. Suppose a k-linear additive category A has an ample chain of supported weakly
ample sequence ({Li}, L0) with d0(A) <∞. Let Pt:=−i(A) = χA(Li, A) be the numerical poly-





























Here A(0) denotes A, and A(l) denotes A(1),...,(1).
Proof. We proceed by induction. If r = 0 it is trivial. Assume r > 0 and by the induction
hypothesis we have

































for some T (1) ∈ Tot(A(1)•)












. If f(i) denotes the difference
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of χA(Li, A) and the term on the right hand side in the lemma, then it turns out that
f(i)− f(i− 1) = 0. Also f(0) = 0, thus f vanishes identically.
To prove the claim, d = 1 the assertion is trivial. Suppose d > 1 and consider the
distinguished triangle L
(d−1)









































. The middle equality is given by the induction hypothesis and the last
one is by the fact that the triangle we use is a distinguished triangle in T (n) for all n = 0, . . . , r
by the assumption of ample chain. 
Remark 4.14. We may consider another chain of supported weakly ample sequence ({Li}, L0)
with {Qfi = 0}. In this case, we can drop the factor (−1)d in the lemma.
In many geometric situations, the natural numerical polynomial of degree n induced by
some ample sequences in projective scheme of dimension n over k is the well-known Hilbert
polynomial. The isomorphisms of Hom’s needed in the theorem is given by Grothendieck-
Verdier duality (see [Har66,Con00]).
5. Slope polynomial and ∆-stability in additive categories
To define a suitable numerical ordering on objects of an additive category which can be
used to give a stability condition on this category, we first introduce the following definition.
5.1. Slope polynomial and slope sequence. Let A be an additive category with an exact
class ∆A and K∆(A) be its Grothendieck group associated to ∆A in the way K∆(A) = F/R,
where F is the free abelian group on the object of A and R is the subgroup generated by
classes [A] − [A′] − [A′′] for each sequence A′ → A → A′′ ∈ ∆. Here we always assume
[0] = 0, and if A ≃ A′ then [A] = [A′]. A ∆-additive function from A to an abelian group Γ
is a function f from the objects of A to Γ so that f(A) = f(A′) + f(A′′) for each sequence
A′ → A → A′′ in ∆. The function [−] : A 7→ [A] from A to K∆(A) defines a ∆-additive






It means that any ∆-additive function f from A to Γ induces a unique group homomorphism
f ′ : K∆(A)→ Γ such that f ′([A]) = f(A) for each A ∈ A. If A is an abelian or exact category
and ∆ is a class of all short exact sequences in A, then K∆(A) is regular Grothendieck group
K(A) (See the book [Wei13]).
Definition 5.1. [GKR04] A linear independent system (x0, x1, . . . , xr) : K∆(A) → Z of
∆-additive functions is called positive if for all A ∈ A the conditions below hold:
x0(A) ≥ 0,
x0(A) = 0⇒ x1(A) ≥ 0,
x0(A) = x1(A) = 0⇒ x2(A) ≥ 0,
...
x0(A) = · · · = xr−1(A) = 0⇒ xr(A) > 0.
If xi(A) = 0 for all i implies A = 0, then the positive system is called exhaustive. Given
a positive system (x0, . . . , xr) on A, one can define the standard vector slope of an object
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A ∈ A with respect to this system is the vector
φ(A) =














where s = mini{xi(A) 6= 0}. We also can define the scalar slope of A by
µ(A) =










The slope ordering on A is given by the prescription: A  B ⇔ φ(A) ≤ φ(B) by the lexico-
graphical order. One can check that this slope ordering actually fulfills the ∆-seesaw property
by comparing the slope component, and thus may construct ∆-stability data (Sec. 2).
In the following we would provide a way to construct a positive system giving a vector
slope ordering on an additive category A. We first make a definition below.
Definition 5.2. A slope polynomial Pt(A) ∈ Q[t] on an additive category A with a class ∆
of sequences is a ∆-additive polynomial with a finite degree for an indeterminate t such that






with the non-zero highest coefficient anh > 0 for all A ∈ A. Note that nh and ai depend on A.
Then the exhaustive positive system is given by the vector of coefficients (an, an−1, . . . , a0).
Remark 5.3. Indeed the slope polynomial over Z is a characteristic function for an abelian
category introduced by A. N. Rudakov [Rud97].
Definition 5.4. Let A be an extension-closed full subcategory of a k-linear triangulated
category T with an induced exact class ∆. A sequence Lsi ∈ T , i ∈ Z, is called a slope
sequence with respect to A if for all A ∈ A, i′ < i′(A) ∈ Z, we have
(i) χ(Lsi′ , A) :=
∑
j(−1)j dimk (Hom(Lsi′ , A[j])) 6= 0,







with cd ∈ Z for a slope polynomial Pt on A.
The traditional and natural ordering tool in additive categories is a vector slope induced
by some positive systems. The ∆-stability structure given by a vector slope associated to
some slope polynomials is called the numerical ∆-stability structure.
Proposition 5.5. Given a slope sequence {Lsi} for an additive category A with an exact class
∆ of sequences ordered by the vector slope induced from Pt, then A is weakly ∆-Artinian.
Furthermore, if A is a full subcategory of a Noetherian abelian category, then A is weakly
∆-Noetherian. Therefore, if Hom(A,B) = 0 for any ∆-semistable objects A ≻ B, then A
has the Harder-Narasimhan property, and thus a ∆-stability data.
Proof. Suppose there exists an infinite chain of objects in A
· · · i3−→ E3 i2−→ E2 i1−→ E1
with E1 ≺ E2 ≺ E3 ≺ · · · and Ej+1
ij−→ Ej → Fj ∈ ∆ for all j > 0. Since Pt is additive,
it leads to deg(Pt(Ej)) ≥ deg(Pt(Ej+1)) for Ej+1
ij−→ Ej . Thus for large enough j we have
deg(Pt(Ej)) = deg(Pt(Ej+1)) = · · · = d and cd(Ej) ≥ cd(Ej+1) ≥ · · · . By assumption,
cd(Ej) ∈ N \ {0}, this chain can not decrease infinitely, i.e.
cd(Es) = cd(Es+1) = · · · = c
for some large enough s. Again by the additivity of Pt, we have the following inequality
(c, cd−1(Es), . . . , c0(Es)) > (c, cd−1(Es+1), . . . , c0(Es+1))
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which thus implies Es ≻ Es+1, a contradiction.
For the second statement, given any infinite chain of objects of E = E1
E1
p1−→ E2 p2−→ E3 p3−→ · · · ,
with Fj → Ej
pj−→ Ej+1 ∈ ∆ for all j, and by exactness of ∆ each composite maps E
p′j−→ Ej+1
with p′j := pj−1 ◦ · · · ◦ p1 can fit into a short exact sequence in the ambient abelian category
0→ Lj → E
p′j−→ Ej → 0
which leads to the following commutative diagram of exact sequences
0 Lj−1 E Ej 0





where Lj−1 := ker(p
′
j−1) and fj is an inclusion by the snake lemma for all j ≥ 0. Then we
have a chain of subobjects of E
0 6= L1 ⊂ L2 ⊂ · · · ⊂ E
and this chain must terminate since A is Noetherian. Thus A is weakly ∆-Noetherian, and
each object in A has a Harder-Narasimhan sequence. 
Corollary 5.6. Each extension closed full subcategory A of the category of coherent sheaves
on a projective scheme over a field k has a Harder-Narasimhan filtration unique up to iso-
morphism.
Proof. Let ∆ be the collection of all short exact sequence lying over A and the vector slope
induced by Hilbert polynomial. Hence ∆ is an exact class by Snake lemma and universality,
and the vector slope is a ∆-stability structure. Since the category of coherent sheaves is
Noetherian, A is weakly ∆-Noetherian. Thus the property 5.5 implies that A has the Harder-
Narasimhan property. 
If a ∆-stability data is induced by any slope polynomial of degree n with the vector slope
ordering on A, it is called a ∆-stability data of degree n on A. Indeed, once one can find a
∆-stability data associated to a slope polynomial on A, there exists a family of polynomials
giving the same ∆-stability data by the following proposition.
Proposition 5.7. Suppose there is a ∆-stability data (∆,Φ, {Pφ}) associated to a slope poly-
nomial on an additive category A. Then there exists an universal family of slope polynomials
inducing the same ∆-stability data on A.




i with ar(E) 6= 0 for some E ∈ A. Given any polynomial Qt









= (Φ, {Pφ}). Indeed, the vector slopes induced by φQ and φ
are equivalent, that is, φ(A) ≤ φ(B) if and only if φQ(A) ≤ φQ(B) for all A,B ∈ A by




indexed by all polynomials Qt of degree
< r over Z leads to the ∆-stability data (∆,Φ, {Pφ}) on A. 
Given any sequence {Li} in A, there may exist a numerical polynomial Pt=−i(A) = χ(Li, A)
for all A, but it is unnecessary to be a slope polynomial, or define an exhaustive positive
system automatically. For instance, the sequence generated by structure sheafs OkH of closed
subschemes Yk associated to ideal sheaf O(−kH) in a projective scheme X of finite type over
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a field k with ample invertible sheaf O(H) is not a slope sequence, but χ(OkH , A) induces a
numerical polynomial Pk(A).
Theorem 5.8. Suppose the numerical polynomial Pt:=−i(A) = χA(Li, A) for any A ∈ A is
induced by an ample chain of supported weakly ample sequence ({Li}, L0) with d0(A) < ∞.
If we assume
(i) χA (Li, A) 6= 0 for A 6= 0 ∈ A, i << 0,













+ 1 for all d = 0, . . . , degPt(Li),
then the vector of coefficients of the numerical polynomial Pt(A) gives an exhaustive positive
system, that is, the leading coefficient of Pt(A) is either positive or negative simultaneously
for all A ∈ A with the same degree. Indeed, if Pt(Li) is a slope polynomial, then Pt(A) is
also a slope polynomial for each A ∈ A.
Proof. χA(Li, A) 6= 0 for i << 0 by the definition of weak ampleness, thus Pt(B) > 0,
or < 0 for all B with degPt(B) = 0. Indeed, if Pt(B1) > 0 and Pt(B2) < 0 for some
Bi with degPt(Bi) = 0, i = 1, 2, then one can find suitable integers a1 and a2 such that
Pt(a1B1 ⊕ a2B2) = 0, a contradiction.
Assume degPt(Li) = r and consider such a triangle
L
(r−1)
i −→ L(r−1)i+1 −→ L(r)i −→ L(r−1)i [1],

























is of the form


















= · · · . If
there exists an object B with deg Pt(B) = 1 such that the leading coefficient of Pt(B) is −a1,






= ib0 + O(i
0) implying L
(r−1)





















By the same argument it turns out that the sign of the leading coefficient of Pt(A) for all






. Hence, the vector of
coefficients of Pt(A) can be used to define a vector slope on A. Moreover, if the numerical
polynomial Pt(A) is given by an ample chain {Li} of A such that Pt(Li) is a slope polynomial,
then so do Pt(A) for any A ∈ A. 
Remark 5.9. SupposeA is the heart of a bounded t-structure of a triangulated category with a
weakly ample sequence {Li} as the one in Prop. 4.5. If {Li} forms an ample chain of supported
weakly ample sequence then we may have degPt(Li) ≥ degPt(A) for all A ∈ A. However, in













For the derived category Db(X) of bounded coherent sheaves of a projective scheme X over k,
A ⊂ Db(X) is the abelian category of coherent sheaves with a ample invertible sheaf O(H),
the existence of dual and tensor product of ample chain leads to the sufficient conditions in
the theorem.
Note that if a chain which is not ample induces a numerical polynomial, it can happen that
the coefficients of this polynomial do not form a exhaustive positive system even the chain







in A(−1) is an ample chain and A(1) is trivial, one may form a slope sequence on
A by some objects Lsi ∈ T . Indeed, such slope sequences always exist in a normal projective
scheme over a perfect field k which can be used to construct ∆-stability of degree n− 1.
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, i << 0, fulfills boundedness conditions:
(i) If cr(A) 6= 0, then cr−1(A) ≥ cr(A) · C1 for a fixed C1 ∈ Z;
(ii) If cr(A) 6= 0, cr−1(A) = cr(A) · C1, then cr−2(A) > cr(A) · C2 for a fixed C2 ∈ Z;
(iii) If cr(A) = 0, then P̃t(A) is a slope polynomial.
Then there exists a slope sequence {Lsi} corresponding to a slope polynomial P st (A) = χ(Lsi , A)
of degree < r.
Proof. Since {Li} is tilted ample, the argument of Lemma 4.13 implies






































0 [−r + 1]→ Li
)
for i << 0 and n > 0, thus the
associated numerical polynomial would be



















By assumption cr−1(A)− cr(A)C1 ≥ 0 and if equality holds, we have cr−2(A)− cr(A)C2 > 0.
Therefore, P st (A) = χ(L
s
i , A) is a slope polynomial on A. 
Remark 5.11. Indeed this construction of the property also holds for any polynomial fulfilling
the same boundedness conditions above.
In algebraic geometry, those boundedness conditions are closely related to boundedness
of pure sheaves, moduli spaces of semistable sheaves, Hodge Index theorem, Bogomolov
inequality, . . . , of basic importance to many recent developments. In following sections we
would like to turn our attention to ∆-stability data on normal projective schemes over a
perfect field k.
5.2. ∆-stability on nonsingular curves. To close this section we finally consider cases of
nonsingular proper curves X over an algebraically closed field k, i.e., integral regular proper
scheme of Krull dimension 1 over k. Such a curve is necessarily projective, thus by Cor. 3.17
and Lemma 4.13 each ample invertible sheaf O(H) forms an ample chain with the ∆-stability
of degree 1 in Db(X) := Db(Coh(X)) induced by the slope polynomial
Pt(E) = χ(O(−tH), E) = −χ(OH , E)t+ χ(OX , E)
for E ∈ Coh(X) and OH is the structure sheaf of zero subscheme H in X . Indeed, this
∆-stability of degree 1 is equivalent to Mumford-Takemoto (µ-) stability, Gieseker stability
and Bridgeland stability on curves.
Assume X is P1 with the ample chain O(−t), t ∈ Z, and thus semistable subcategory PΦ =
{torsion sheaves[i]} ∪{O(t)[j]}t∈Z, i, j ∈ Z. Let Ã be the extension-closed full subcategory of




belongs to {O(−t)[1], torsion,O(t− 1)}. Then Ã is the heart of Db(X) given by a bounded
t-structure [HRS96].
Obviously, Pt(E) = χ(O(−t), E) = −χ(Op, E)t + χ(OX , E) is not a slope polynomial on
Ã, and {O(−t)[1]}t>0 is a tilted ample chain with the tilted numerical polynomial P̃t(−) =
−χ(O(−t)[1],−) = Pt(−) of Ã. Note that O(−1)[1] is the only stable object in Ã so that
χ(OX ,O(−1)[1]) = 0. Let {L−t := O(−t)[1]⊕O(−t)[1]}t>0 be a tilted ample chain of Ã, we
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can construct a slope sequence Ls−t = C(O⊕2t+1p → L−t) by the following short exact sequence
in Coh(P1):
0 −→ O(−t)⊕O(−t) −→ Ls−t = O ⊕O(1) −→ O⊕tp ⊕O⊕t+1p −→ 0,
such that the numerical polynomial P st (A) is a positive integer for all A 6= 0 ∈ Ã inducing a
∆-stability of degree 0, i.e., each object in Ã is semistable.
One can easily check that Ls−t is also a weakly ample sequence with m = 0 on Ã, but
not an ample sequence. Indeed, Ã = 〈O,O(−1)[1]〉 and End(Ls−t) is the algebra of paths of
Kronecker quiver P2 := ”·⇒ ·”, the functor RHom(Ls−t,−) gives a equivalence of abelian cat-
egories between Ã and representation of P2 since RHom(Ls−t,O) and RHom(Ls−t,O(−1)[1])
correspond to the irreducible representations associated to vertices in Rep(P2). Note that
RHom(Ls−t,O(1)) corresponds to the projective submodule of End(Ls−t) associated to the
codomain of arrows in P2, and the canonical short exact sequence in Ã
0 −→ O ⊕O −→ O(1) −→ O(−1)[1] −→ 0
induces the short exact sequence associated to projective module and irreducible representa-
tion in Rep(P2) [Bon89]. Therefore we already prove the following property.
Proposition 5.12. On Db(P1) up to Aut(Db(P1)), there exist a ∆-stability of degree 1 given
by Hilbert polynomial on Coh(P1) with m = 1 ample chain {O(−t)}t∈Z, and a ∆-stability
of degree 0 given by slope polynomial P st (−) on Kronecker heart Rep(P2) with m = 0 ample
chain O ⊕O(1).
However, for a curve X of positive genus such a construction of ∆-stability of degree 0 does
not work because moduli spaces of stable sheaves of rank > 1 are not empty. Indeed, those
numerical polynomial P st (−) of degree 0 as above restricted to some moduli spaces of stable
sheaves are trivial, thus can not imply ∆-stability on Db(X), but Db(X)/{E• : P st (E•) = 0}.
Thus on Db(X) most numerical stability conditions are equivalent to each other, that is,
have the same ∆-stability data. Conversely, if Db(X) is derived equivalent to Db(Y ) for some
nonsingular integral projective scheme Y over k, the induced ∆-stability data would implies
an isomorphism X ≃ Y .
Lemma 5.13. [GKR04] Suppose E ∈ Coh(X) on a nonsingular curve X with positive
genus can fit into a distinguished triangle E ′ → E → E ′′ → E ′[1] with Hom(E ′, E ′′[j]) = 0
for j ≤ 0. Then we have E ′, E ′′ ∈ Coh(X).
Proposition 5.14. Let X be a nonsingular projective curve over k and Y be a nonsingular
integral projective scheme over k. Then Db(X) is derived equivalent to Db(Y ) if and only if
X is isomorphic to Y .
Proof. ”if” part is trivial, thus we only consider ”only if” part. Given an exact equivalence
T : Db(X) → Db(Y ), we have dimk X = dimk Y (for example, see [Huy06]). An ample
invertible sheaf O(H) induces Hilbert polynomial
Pt(E) = χ(O(−tH), E) = −χ(OH , E)t+ χ(OX , E)
for E ∈ Coh(X). Since H is a zero subscheme of X , one can choose a closed point x




, and k(x) is simple, thus up to shift we may
assume T (k(x)) ∈ Coh(Y ). It implies that T (L) belongs to either Coh(Y ) or Coh(Y )[−1]
for L ∈ Pic(X) because L is also simple and Hom(L, k(x)) 6= 0.





t+ χ(T (OX), k(y))
for each closed point y ∈ Y because of simpleness of k(y). Note that k(y) ≍ k(y′) for all
y, y′ ∈ Y , i.e. µ̄(k(y)) = µ̄(k(y′)), thus T |{k(x)} gives an equivalence of categories between
{k(x)}x∈X and {k(y)}y∈Y . Hence we have X ≃ Hilb1(X) ≃ Hilb1(Y ) ≃ Y where Hilb1(X)
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is Hilbert shceme of X with Hilbert polynomial P = 1 by the universal property of moduli
functors.
Assume the genus g(X) > 0, k(y) is µ̄-stable for y ∈ Y and L′ is µ̄-stable for L′ ∈ Pic(Y ) by
Lemma 5.13. Indeed, if L′ is not µ̄-semistable, then µ̄(L′) > µ̄(k(y)) for some y ∈ Y implies an




< · · · for · · · →֒ L′⊗L⊗2y →֒ L′⊗Ly →֒ L with
ideal sheaf Ly of y in T (Coh(X)[l]) for l ∈ Z, a contradiction. Further, if µ̄(L′) = µ̄(k(y)) then
L′ has an infinite Jordan-Hölder filtration, a contraction. Also we have µ̄(k(y)) = µ̄(k(y′)) for
all y, y′ ∈ Y and {k(y)}y∈Y forms a full µ̄-stable subcategory of Db(Y ). Thus the equivalence
T induces an isomorphism between Hilb1(X) orM(r, d) and Hilb1(Y ) whereM(r, d) is the
moduli space of stable bundles on X with rank r and degree d.
If g(X) > 1 then dimM(r, d) = r2(g(X) − 1) + 1 > 1 (see [HL10]). It turns out that
X ≃ Hilb1(X) ≃ Hilb1(Y ) ≃ Y . If g(X) = 1, dimM(r, d) = 1 for (r, d) = 1 andM(r, d) ≃ X
by Atiyah’s theorem [Ati57]. Thus we have X ≃ Y . 
Remark 5.15. (i) This property also implies that we only have one ∆-stability data given by
the slope polynomial of degree 1 associated to each ample chain. Indeed, such a ∆-stability
of degree 1 is equivalent to Bridgeland’s stability on curves up to the action G̃L
+
2 (R), for
example, see [Bri08,Oka06,Mac07]. For the finest stability conditions (t-stability) on rational
curve and elliptic curve, see [GKR04].
(ii) If X is not an elliptic curve, then this property is a special case of Bondal and Orlov
theorem [BO01], which said that if the (anti-)canonical bundle of X is ample, then Db(X) ≃
Db(Y ) ⇐⇒ X ≃ Y . For derived categories of elliptic curves or abelian varieties, a detailed
overview of complete understanding can be found in the book [Huy06].
6. ∆-stability on normal projective surfaces
In the following sections k is assumed to be a perfect field of arbitrary characteristic. Let X
be a normal integral projective scheme of dimX = n over k with a very ample invertible sheaf
O(H), and OHd be the structure sheaf OH1∩···∩Hd of the closed scheme of locally complete
intersection H1 ∩ · · · ∩ Hd for some effective divisors H1, . . . , Hd ∈ |O(H)| for 1 ≤ d ≤ n.
Then {O(−tH)}t∈Z forms an ample chain and Hilbert polynomial Pt(E) for E ∈ Coh(X) is
χ(O(−tH), E).
Lemma 6.1. Let E be a coherent sheaf of dimension d, i.e., dim(Supp(E)) = d. Then Hilbert
polynomial of E is
Pt(E) = χ(O(−tH), E) =
d∑
c=0






where OH0 = OX and c is the codimension of Hc := H1 ∩ · · · ∩Hc.
Proof. Since {O(−tH)}t∈Z forms an ample chain, we have OHc = L(c)0 by assumption of
ample chain. Let i : Hc →֒ Hc′ for c > c′ and Hc is a complete intersection, thus the exact












Indeed, let Li∗ be the left adjoint functor of i∗, we have
HomHc′ (i∗(E




≃ HomHc(E•, Li∗(F •)⊗ ωc/c′[c′ − c]),





and ωc/c′ is a locally free sheaf of rank one (see [Har66]).
Thus by lemma 4.13 we are done. 
Remark 6.2. If the closed subscheme Hc is not a locally complete intersection, then the
formula does not hold in general. However, for each coherent sheaf F on X there exists an
F -regular sequence H1, . . . , Hd ∈ |O(H)| such that Li∗(F ) is quasi-isomorphic to a coherent
sheaf on Hd (e.g., see [HL10]).
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with degH X := (−1)nχ(OHn ,OX), and the degree of E is defined by
degH(E) := (−1)n−1 (χ(OHn−1 , E)− rk(E)χ(OHn−1 ,OX)) .
Remark 6.4. Since X is integral, there exists an open dense subset U ⊂ X such that
E|U is a locally free sheaf on U and rk(E) is the rank of the vector bundle E|U . If X
is nonsingualr, the Hirzebruch-Riemann-Roch formula shows degH(E) = c1(E).H
n−1 and
degH(E) = degH(det(E)). Indeed, this definition has all the properties one expects of the
degree.
Hilbert polynomial is a slope numerical polynomial because of ampleness of H or theo-
rem 5.8, thus the coefficients of Hilbert polynomial give an exhaustive positive system. The
vector slope induces a ∆-stability of degree n or Gieseker stability on Db(X) and the scalar
slope induces a coarse ∆-stability of degree n or Mumford-Takemoto µ-stability. In the ad-
ditive category of coherent sheaves of dimension n on X , there are two natural scalar slopes
giving the same ∆-stability data defined as following.




where deg(E) = degH(E), and its µ̂-slope by







where degX = degH X .
Remark 6.6. One has the following chain of stabilities: E is µ-stable ⇒ E is stable ⇒ E is
semistable ⇒ E is µ-semistable.
In algebraic geometry based on the study of moduli spaces, intersection theory and relevant
subjects, the most interesting slope of the object E in the bounded derived category of
coherent sheaves is µ(E). However, in category theory on the study of numerical stability
condition the slope µ̂(E) would be more functorial under pushforward.
6.1. Finite cover of projective spaces. In this subsection we will study the coarse ∆-
stability of degree n or µ̂-stability between normal integral projective scheme X of dimension
n over k and the projective space Pn := Pnk . This in turn allows us to find the relation of
µ̂-stable torsion free coherent sheaves between X and Pn as has been seen in Prop. 3.19,
and paves the way for boundedness conditions in Prop. 5.10 and thus Bridgeland stability on
normal surfaces.
Since X is a projective scheme of dimension n over a perfect field k, there exists a fi-
nite surjective separable morphism from X to Pn by Noether normalization lemma (e.g.,
see [Eis95,Mat89]). In other words, Pn is a weakly terminal object in the category of pro-
jective schemes of dimension n over k. When k is infinite, such a finite covering map can
be constructed by taking a general projection from a projective space containing X to a
n-dimensional linear subspace.
Let f : X → Pn be a finite separable morphism of degree d of normal integral projective
scheme of dimension n over k induced by a very ample invertible sheaf OX(H). Let OPn(1)
be a vary ample invertible sheaf on Pn, then OX(H) = f ∗(OPn(1)) and d = degH X . Since f
is proper and affine, f∗ : Coh(X) → Coh(Pn) is an exact functor with a left adjoint functor
f ∗ ⊣ f∗ and thus an exact functor from D(X) to D(Pn) with a natural functorial isomorphism
f∗RHomD(X)(Lf ∗F •, E•) ≃ RHomD(Pn)(F •, f∗E•)
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for F • ∈ D−(Pn) and E• ∈ D+(X). Here, the left derived functor Lf ∗ takes D(Pn) into
D(X). Moreover, by Grothendieck-Verdier duality there is a functor f ! : D(Pn) → D(X)
with a natural functorial isomorphism
f∗RHomD(X)
(
E•, f !F •
)
≃ RHomD(Pn)(f∗E•, F •)
for E• ∈ D−(X) and F • ∈ D+(Pn). For further details we refer to [Har66].
Remark 6.7. If X is nonsingular, the functors Lf ∗, f ! : Db(Pn) → Db(X) are left, right
adjoint to f∗ : D
b(X)→ Db(Pn), respectively. That is, Lf ∗ ⊣ f∗ ⊣ f !.
Because of exactness of f∗ and OX(H) = f ∗(OPn(1)), for E• ∈ Db(X), j ∈ Z, we have
HomD(X)(OX(H), E•[j]) ≃ HomD(Pn)(OPn(1), f∗E•[j])
and thus Pt(E
•) = χ(OX(−tH), E•) = χ(OPn(−t), f∗E•) = Pt(f∗E•). Moreover, f is dom-
inant and X is integral, thus f∗ preserve purity, that is, if E ∈ Coh(X) is torsion free then
f∗(E) ∈ Coh(Pn) is also torsion free (see [Gro60]). On the other hand, since X is regular in
codimension 1 (R1), the singular locus Z := Sing(X) is a closed subset of X of codimension
≥ 2. Let U := X \ Z be the nonsingular locus of X . Then the restricted morphism f |U
is flat. Indeed, if X is Cohen-Macaulay, then f is flat (see [Mat89]). Thus for each normal
projective scheme of dimension 2 this finite surjective morphism to P2 is flat. Note that a
normal, locally Noetherian scheme of dimension 2 is Cohen-Macaulay (e.g., see [Liu02]). In
general, f is flat in codimension 1, i.e., f ∗ is exact modulo coherent sheaves of dimension
≤ n− 2.
Lemma 6.8. Let F be a torsion free coherent sheaf on Pn. Then rk(f ∗F ) = rk(F ) and
µ(f ∗F ) = d · µ(F ). Let E be a torsion free coherent sheaf on X. Then rk(f∗E) = d · rk(E)
and µ̂(f∗E) = µ̂(E).
Proof. We have the commutative diagram below
Hn Hn−1 X
{p} P1 Pn.
f |Hn f̄ :=f |Hn−1 f












= −χ(OHn−1 , E)
χ(OHn , E)
= µ̂(E).
F is a torsion free coherent sheaf on Pn, one has
χHn(OHn , (f ∗F )|Hn) = χHn(OHn , f |∗Hn(F |p)) = d · χp(k(p), F |p),
thus it leads to
χ(OHn , f ∗F )
χ(OHn ,OX)
=
χHn(OHn , (f ∗F )|Hn)
χ(OHn ,OX)
=





and we have rk(f ∗F ) = rk(F ). On the other hand, we may assume f ∗F is i∗-acyclic and
ωn−1 is the relative dualizing locally free sheaf associated to i : H
n−1 →֒ X , then
χHn−1(OHn−1 , f ∗F |Hn−1 ⊗ ωn−1) = χHn−1
(














In P1, χP1(OP1 , V ⊗W ) = rk(W ) deg(V ) + rk(V )χP1(OP1 ,W ) for locally free sheaves V,W .
It turns out that




= d · deg(F ) + rk(F )χHn−1(OHn−1 , ωn−1)
and
deg(f ∗F ) = (−1)n−1 (χ(OHn−1 , f ∗F )− rk(f ∗F )χ(OHn−1 ,OX))
= χHn−1 (OHn−1 , f ∗F |Hn−1 ⊗ ωn−1)− rk(F )χHn−1(OHn−1 , ωn−1)
= d · deg(F )
which implies
µ(f ∗F ) =
deg(f ∗F )
rk(f ∗F )
= d · deg(F )
rk(F )
= d · µ(F ).

Lemma 6.9. Let F be a torsion free coherent sheaf on Pn. Then F is µ-semistable if and
only if the torsion free part of f ∗F is µ-semistable.
Proof. F is torsion free, and f ∗F has no torsion in codimension 1. Let U = X \ Z be the
nonsingular locus of X with the singular locus Z of codimension ≥ 2. We may assume f ∗F |U
is torsion free on U and f̄ := f |U is flat. Let j : U →֒ X be the open immersion and one has
the short exact sequence
0 −→ H0Z(F ) −→ f ∗F −→ j∗(f ∗F |U) −→ H1Z(F ) −→ 0,
where H0Z(F ),H1Z(F ) ∈ Coh(X) are local cohomology sheaves (see [Har67]) and j∗(f ∗F |U) ∈
Coh(X) is torsion free. This gives µ(f ∗F ) = µ(j∗(f
























= µ(f ∗F ′) >





















Conversely, let K be a splitting field of the function field K(X) over K(Pn). Since the base
field k is perfect, K is separable over K(Pn). Let Y be the normalization of X in K, we
have finite separable morphisms Y → X → Pn. Hence we may assume K(X) is a Galois
extension of K(Pn) with Galois group G.






is not µ-semistable on X . Let E ′ be
its maximal destabilizing subsheaf and E ′ is unique. In other words, E ′ is invariant under
the action of G. By Galois decent theory (for example, see [Fri98]), there exists a proper
subsheaf F ′ of F such that f ∗F ′|X\f−1(S(F )) is isomorphic to E ′|X\f−1(S(F )) where S(F ) is the
singular support of F of codimension ≥ 2. Thus µ(F ′) > µ(F ), a contradiction. 
Remark 6.10. In this argument one needs the base field is perfect in order to imply Galois
decent theory. Indeed, if k is imperfect, K(X) may not be a Galois extension. In this case,
this lemma holds if we consider a geometrically normal projective scheme X instead of a
normal projective scheme. Note that if X is not normal, H1Z(F ) is quasi-coherent in general,
thus j∗(f
∗F |U) is not coherent.
The scalar slopes defined in these way realize the same coarse ∆-stability data associated to
Hilbert polynomials of coherent sheaves on X as appearing in Def. 5.1. Whenever the normal
integral scheme X has a finite separable morphism f to the projective space Pn, the fibers of
ample subvarieties induced by the ample chain on Pn develop the corresponding ample chain
structure extending over the entire scheme X . The proposed construction can be viewed as a
relative dimension = 0 version of relative schemes between a n-dimensional integral scheme
and n-dimensional projective space in the category of integral schemes of dimension n. In
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the context of finite covers between normal projective varieties over an algebraic closed field
of characteristic 0 a detailed comparison of scalar slopes can been seen in the book [HL10].
While the ample chain on X complies with the fibration of an ample chain on PN , we
should stress that the relation of the order on semistable sheaves on X and Pn encountered
in this work arises from scalar slopes of coherent sheaves on X and Pn, where the scalar
slopes of coherent sheaves reside in the coefficients of Hilbert polynomial. Thus, compared
to Prop. 3.19 the constraints of scalar slopes of coherent sheaves emerges from vanishing of
morphisms between semistable sheaves.
Proposition 6.11. Let E be a µ-semistable sheaf on a normal integral projective scheme X
of dimension n over a perfect field and f : X → Pn be a finite separable morphism. Then






where d = degH X with respect to the vary ample invertible sheaf OX(H) = f ∗OPn(1).
Proof. f is finite, thus f∗E is torsion free. Let G be the maximal destabilizing subsheaf of
f∗E on P
n. By the adjunction of f ∗ ⊣ f∗ one has 0 6= HomPn(G, f∗E) ≃ HomX(f ∗G,E) and
the previous lemma 6.9 implies the torsion free part G′ of f ∗G is µ-semistable on X with
µ(G′) = µ(f ∗G). Therefore, 0 6= HomX(f ∗G,E) ≃ HomX(G′, E) and G′, E are µ-semistable,
one must have µ(G′) ≤ µ(E). On the other hand, µ(G′) = µ(f ∗G) = d ·µ(G) = d ·µmax(f∗E)
by lemma 6.8. It turns out that µmax(f∗E) ≤ µ(E)d . 
Let U be the nonsingular locus of X and we have the following diagram
U X





Since X is noetherian scheme of finite type over a field, there exists a dualizing complex
in D+(X) and the restriction of the dualizing complex to U is a dualizing complex of U .
Indeed. for any residually stable morphism f , the pullback functor f ∗ takes a residue complex
to a residue complex. For the projective scheme X the dualizing complex ω•X induced by
the dualizing sheaf of the ambient projective space of X defines the dualizing sheaf ωX :=
H−n(ω•X) on X . Since the restriction of open immersion to U is an exact functor, one also
has ωX |U ≃ ωU . Here, ωU is the dualizing sheaf on U and is isomorphic to the canonical
sheaf of U . Recall that X is normal, the R1 and S2 conditions combined with reflexive sheaf
ωX imply that that ωX ≃ j∗ωU . For more details one refers to [Har66,Con00,Har80].







where ωX is the canonical sheaf of X.
Proof. Let Q be the minimal destabilizing quotient sheaf of f∗E on P
n such that 0 6=











































⊗ ωU(n + 1) ≃ f ∗Q|U ⊗ ωX |U(n + 1). Thus the lemma 6.9
implies j∗(f
∗Q|U) is µ-semistable and in turn the torsion free part of E⊗ω−1X (−n−1) is also
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of rank one. Indeed, the torsion free
part of E ′ ⊗ ω−1X is µ-semistable for any µ-semistable sheaf E ′ on X . If G ⊂ j∗
(
E ′|U ⊗ ω−1U
)
is the maximal destabilizing subsheaf, then G|U ⊗ωU ⊂ E ′|U is a subsheaf since ω−1U = ω−1X |U
is an invertible sheaf on U . One has j∗(G|U ⊗ ωU) ⊂ j∗(E ′|U) with µ(j∗(G|U ⊗ ωU)) =
µ(j∗G|U) + µ(ωX) > µ(E ′) = µ(j∗(E ′|U)), a contradiction.
Here, we combine with the fact that µ(V ⊗W ) = µ(V ) + µ(W ) for torsion free coherent
sheaves V,W on X . Since X is normal projective scheme over a perfect field, we may assume
Hn−1 is a nonsingular curve and V |Hn−1 ,W |Hn−1 are locally free. On a nonsingular curve C,
one has deg(V ′ ⊗W ′) = rk(W ′) deg(V ′) + rk(V ′) deg(W ′) for locally free coherent sheaves
V ′,W ′ on C and by elementary arithmetic we obtain µ(V ⊗W ) = µ(V ) + µ(W ).
Therefore, the torsion free parts of E ⊗ ω−1X (−n − 1) and f ∗Q are µ-semistable with
nontrivial HomX
(
E ⊗ ω−1X (−n− 1), f ∗Q
)
. The vanishing property between µ-semistable
sheaves implies








Note that µ(OX(H)) = deg(OX(H)) = d. 
Remark 6.13. If dimX = 2, then X is Cohen-Macaulay such that the finite map f : X → P2
is flat and thus the dualizing complex ω•X is quasi-isomorphic to the canonical sheaf ωX
shifted by 2. Indeed, for any Cohen-Macaulay scheme of finite type of dimension n over a
field, we have ω•X ≃ ωX [n].
Corollary 6.14. Let ωX be the canonical sheaf of a normal integral projective scheme X of
dimension n over a perfect field with a very ample invertible sheaf OX(H) and degH X = d.
Then
degH(ωX) ≥ −d · (n+ 1).
Proof. ωX is a reflexive sheaf of rank one, thus is stable. By Prop. 6.11 and Prop 6.12, we
have
degH(ωX) ≥ d · µmax(f∗ωX) ≥ d · µmin(f∗ωX) ≥ −d · (n + 1).

This corollary implies that the degree of the canonical sheaf of X of degree d with respect
to a very ample invertible sheaf has a lower bound. In other words, the intersection number
ωX .H
n−1 can not be less than −d · (dimX + 1).
6.2. ∆-stability of degree 1 and Bridgeland stability on normal surfaces. Let us now
focus on a normal projective surface X over a perfect field k, i.e., a normal integral projective
scheme of dimension 2 over k. According to Prop. 5.5 this amounts to constructing a slope
sequence {Lsi} with the slope polynomial Pt=−i(−) = χ(Lsi ,−) on the noetherian heart Ã of
Db(X) with a bounded t-structure. This can be achieved with the proposal by Prop. 5.10,
generalizing the construction of ∆-stability of degree zero on rational curves outlined in
Sec. 5.2. In a particular example the possibility to realize ∆-stability of degree n − 1 for
normal integral projective schemes of dimension n > 2 appeared in Sec. 7.
In the projective space P2 with the ample invertible sheaf OP2(1), for any µ-semistable
torsion free sheaf F with s− 1 ≤ µ(F ) < s for some s ∈ Z, we have
0 = Hom(OP2(s), F ) = Hom(F,OP2(s− 3)) ≃ Hom(OP2(s), F [2])∗,
where the last isomorphism is given by Serre duality with the dualizing sheaf ωP2 = OP2(−3).
It turns out that χ(OP2(s), F ) ≤ − dimk Hom(OP2(s), F [1]) ≤ 0. Therefore, by Lemma 6.1
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the Euler characteristic of F has a polynomial upper bound as




+ χ(OP1 , F )(−s)














with µ̂(F ) = µ(F ) − χ(OP1 ,OP2) = µ(F ) + 2. Here, k(p) is the skyscraper sheaf at a
closed point p and OP1 is the structure sheaf of a hyperplane in P2. Meanwhile, since

















µ(F ) + 2
2
)
at s = µ(F ) + 1. Indeed, the critical point of the polynomial f(s) is at s = µ(F ) + 3
2
, thus






we prove the following lemma.
Lemma 6.15. Let F be a µ-semistable torsion free sheaf on P2. Then the Euler characteristic
of F has a polynomial upper bound





with rk(F ) = χ(k(p), F ) and µ̂(F ) = −χ(OP1 ,F )
χ(k(p),F )
.
For the normal projective surface X we pick again a finite separable morphism f from
X to a projective space P2 with the ample invertible sheaf OX(H) := f ∗OP2(1). However,
instead of choosing a HN filtration f∗E in P
2 for torsion free sheaf E ∈ Coh(X), we assume
that the Euler characteristic χ(OX , E) factors into a sum
χ(OX , E) =
m∑
i=0




such that Ei are µ-semistable torsion free factors of HN filtration of E with µ̂(Ei) > µ̂(Ei+1)
for i = 0, . . . , m−1. As a consequence for each Ei the Euler characteristic of f∗Ei decomposes
into





OP2 , F ij
)
where F ij are µ-semistable torsion free sheaves of HN filtration of f∗Ei for j = 0, . . . , mi. Fol-
lowing Prop. 6.11 and Prop. 6.12, we construct the upper and lower bound of µmax(f∗Ei), µmin(f∗Ei),
respectively, associated to HN filtration of f∗Ei for each µ-semistable torsion free sheaf Ei
by the slope µ(Ei), µ(ωX) and d := degH X according to
µ(Ei)
d






Since the rank rk(Ei) and the slope µ̂(Ei) are constants for each i, the rank rk(f∗Ei) and
the slope µ̂(f∗Ei) are constants as well. As Lemma 6.8, the µ-semistable Ei is torsion free
with rk(f∗Ei) = d · rk(Ei) and µ̂(f∗Ei) = µ̂(Ei) for each i. By the decomposition of Eu-










Lemma 6.15 the resulting upper bound of Euler characteristic of f∗Ei is then given by
χ(OP2 , f∗Ei) ≤ χ(OH2 , Ei)P̂1(µ(Ei), ωX , d),
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where OH2 is the structure sheaf of the zero scheme H2 in X and






















, j = 0, . . . , mi
}
.















. Furthermore, the upper bound
of Euler characteristic of E for any torsion free coherent sheaf E becomes
χ(OX , E) ≤ χ(OH2 , E)P̂2(µmax(E), µmin(E), ωX, d)
in terms of the maximal and minimal slope µmax(E), µmin(E), respectively, of HN filtration
of E and the degree of ωX of the normal projective surface X with respect to OX(H). As
before, the universal polynomial P̂2 is readily computed by the formula
P̂2(µmax(E), µmin(E), ωX , d) := sup
{
P̂1(µ(Ei), ωX, d) : µ(Ei) ∈ [µmin(E), µmaxE] , i = 0, . . . , m
}
.
Thus we prove the following boundedness condition.
Theorem 6.16. Let E be a torsion free coherent sheaf on a normal projective surface X
over k with a fixed very ample invertible sheaf OX(H). Then there exists a polynomial
P̂ (µmax(E), µmin(E), ωX , d = degH X) depending on the maximal, minimal slope of HN fil-
tration of E, the degree of the canonical sheaf ωX of X and the degree of X with respect to
OX(H) such that
χ(OX , E) ≤ χ(OH2 , E)P̂ (µmax(E), µmin(E), ωX, d)
with χ(OH2 , E) = d · rk(E) and µ(E) = degH Erk(E) . Furthermore, if E is µ-semistable, then the
















Remark 6.17. In Sec. 7 we will present an alternative approach to the universal polynomial
and give a more precise formula for higher dimensional (n > 2) normal integral projective
schemes.
Assume A is the heart of a bounded t-structure on a triangulated category T . D. Happel,









= 0 and given E ∈ A there exists a short exact sequence
0 → T → E → F → 0 for some pairs T ∈ F⊥ and F ∈ F , the full subcategory Ã is the
heart of a bounded t-structure on T for
Ã :=
{







On Db(X) this gluing recipe can still be carried out in the same way. In particular, these
torsion pairs from the abelian category of coherent sheave Coh(X) on a noetherian scheme
X always exist if the category Coh(X) has a stability filtration in the sense of Sec. 2.2.
Thus, we observe that from the µ-stability on X often several torsion pairs can be con-
structed depending on HN filtration and the vanishing properties of µ-semistable sheaves.





tilted heart Aq, whereas for a object E belonging to Aq we arrive with the pair of objects
(F, T ) at a distinguished triangle F → E → T → F [1] with F [−1] ∈ Fq and T ∈ F⊥q . The
former object F [−1] is a torsion free coherent sheaf with the slope µ(F [−1]) ≤ q, while the
latter object T is either a torsion coherent sheaf or torsion free coherent sheaf with the slope
µ(T ) > q. In the sequel we argue that these different possibilities realize distinct branches of
the ∆-stability of degree 1 on normal projective surfaces.
Recall from Prop. 5.10 that on a projective scheme X of dimension n over a field k with an
ample invertible sheaf OX(H), {L−t := OX(−tH)[1]}µ̂(OX (−tH))≤q forms a tilted ample chain
fulfilling Prop. 4.5 in the tilted heart Aq for some q = m1m2 ∈ Q with m2 > 0, and induces























Hn [−n + 1]→ L⊕m2−t
)
for t >> 0 with the associated











where ǎn−1(−) = m2 ·an−1(−)−
m1 · an(−) and ǎc(−) = m2 · ac(−) for c = 0, . . . , n− 2. By construction one could see that
ǎn−1(E) ≥ 0 for E ∈ Aq and if the equality holds then E ∈ Ext2(T, F ) for some F ∈ Fq and
torsion coherent sheaf T ∈ F⊥q of codimension ≥ 2.
Proposition 6.18. Suppose X is a normal integral projective scheme over a (unnecessarily




be a torsion pair
of Coh(X) for some q ∈ Q such that µ̂(F ) ≤ q for F ∈ Fq and µ̂(T ) > q for torsion free
T ∈ F⊥q . Then the tilted heart Aq is Noetherian.
Proof. Suppose we have a chain of epis for a nontrivial object E in Aq
E = E0 ։ E1 ։ E2 ։ · · ·
with ǎn−1(Ei) ≥ ǎn−1(Ei+1). Since the value of ǎn−1(−) is discrete, there exists a minimal
value of ǎn−1(Ej) for some j, we may assume that ǎn−1(Ej) = ǎn−1(Ej+1) for all j. Moreover,
there are epimorphisms of cohomolgiy sheaves by taking long exact sequences in cohomology
H0(E0) ։ H
0(E1) ։ H
0(E2) ։ · · · .
This chain has to be stationary as the category of coherent sheaves is Noetherian, so H0(Ei) ∼=
H0(Ei+1) ∼= · · · for large enough i. Thus we may assume H0(E) ∼= H0(Ei) for all i.
Now consider these short exact sequences 0→ Li → E → Ei → 0 which induce a chain of
monos
L1 →֒ L2 →֒ · · · →֒ E
with each ǎn−1(Li) = 0, thus ǎn−1(H
0(Li)) = 0. If Lj = Lj+1 = · · · for large enough j, then
we are done. By taking cohomology sheaves there are monos of coherent sheaves
H−1(L1) →֒ H−1(L2) →֒ · · · →֒ H−1(E).
This chain also terminates thus we may assume H−1(Li) ∼= H−1(Li+1) for all i. On the
other hand, since ǎn−1(H
0(Li)) = 0, H
0(Li) is a torsion coherent sheaf supported in at least
codimension 2 and thus H0(Li) →֒ H0(Li+1).
Again the short exact sequences 0→ Li → E → Ei → 0 give us the long exact sequences
of coherent sheaves
0→ H−1(Li)→ H−1(E)→ H−1(Ei)→ H0(Li)→ 0.
Since H−1(Li) ∼= H−1(Li+1) for all i, the images of the middle morphisms in H−1(Ei) for all
i are the same denoted by Q. Thus there is a short exact sequence of coherent sheaves
0→ Q→ H−1(Ei)→ H0(Li)→ 0
for all i. Here, Q and H−1(Ei) are torsion free coherent sheaves, and H
0(Li) is a torsion
coherent sheaf supported in at least codimension 2. Using the local cohomology vanishing
criterion for depth [Har67] we have H0(Li)
∨ := Ext0(H0(Li),OX) = Ext1 (H0(Li),OX) = 0
because of depthSupp(H0(Li))(OX) ≥ 2 by Serre’s criterion S2. It turns out that Q∨ ≃ H0(Ei)∨
for all i and the chain of monos of coherent sheaves
H−1(E1) →֒ H−1(E2) →֒ · · · →֒ Q∨∨
also has to be stationary and thus H−1(Ej) ∼= H−1(Ej+1) for large enough j. This proves
that H0(Lj) ∼= H0(Lj+1) and hence Lj = Lj+1 for large enough j. 





for some q = m1
m2
∈ Q and m2 > 0 with the tilted heart Aq of a bounded
t-structure on Db(X) and the tilted ample chain {OX(−tH)[1]}µ̂(OX(−tH))≤q constructed as
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H2 [−1] −→ OX(−tH)⊕m2 [1]
)
.
In the vicinity of the integer m0 > m2 · P̂ (µ̂(F ) = q, ωX, d = degH X) for the universal









in Aq because in the patch of the slope µ̂(F ) = q for µ-semistable sheaf
F ∈ Fq we get







Thus, assuming the shift [1] among the subcategory Fq, there exists the minimal integer
mmin at the tilted category Aq such that m2 · χ(OX , E) > mmin · χ(OH2 , E) for E ∈ Aq with
m2 · χ(OH , E) = m1 · χ(OH2 , E) 6= 0. This minimal integer is given by
mmin = min
{
m ∈ Z : m > m2 · P̂ (q, ωX , d)
}
in terms of the denominator m2 of q and the universal polynomial P̂ (q, ωX , d) within the
normal surface X . This boundedness condition prevails in the bounded derived categories
of normal projective surfaces over a perfect field k and it thus leads to a slope polynomial




of degree 1 on the tilted heart Aq as we have shown in Prop. 5.10.
We are now ready to construct the ∆-stability of degree 1 on X . The strategy presented
in Prop. 5.5 finally explains numerical ∆-stability data on an additive category A as a
full subcategory of a Noetherian abelian category that embedded in a k-linear triangulated
category T . Since the tilted heart Aq, via the gluing recipe in Prop. 6.18, of Db(X) is a




and the associated slope polynomial
P st (−), the last step, namely to construct Harder-Narasimhan sequences of objects, is easy
to achieve. We conclude the construction in the theorem below.
Theorem 6.19. Suppose X is a normal projective surface over a perfect field k with a very
ample invertible sheaf OX(H). Given a rational number q = m1m2 ∈ Q, there exists the tilted
heart Aq of a bounded t-structure on the bounded derived category of coherent sheaves Db(X)
with a one parameter family of slope sequences
{















induce ∆-stabilities of degree 1, namely Bridgeland stability conditions, on
X.
Corollary 6.20. Suppose X is a geometrically normal projective surface over an arbitrary
field k with H0(X,OX) = k, i.e., geometrically connected. Then there exists a ∆-stability









constructed as Theorem 6.19.
Proof. Since X is geometrically normal and geometrically connected, Xk̄ is normal integral
under base extension k ⊂ k̄. Using that fact that E ∈ Coh(X) is semistable if and only
if Ek̄ := E ⊗k k̄ is semistable (see [HL10]) and the construction in Theorem 6.19, we are
done. 




we first analyze the








if the associated slope poly-








for t, t′ >> 0, thus give
the same ∆-stability data. In terms of its cone construction, we could replace the object
OX(−tH)⊕m2 with any nontrivial extension between OX(−tH), i.e., objects of length m2
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in the extension-closed full subcategory AH := 〈OX(−tH)〉. These object of finite length
forms a finite set and if H1(X,OX) = 0 there is the only one object, OX(−tH)⊕m2 . On
the other hand, H2 is a zero subscheme of X and the space of zero subscheme of length









is parametrized by Hilbert scheme Hilbl(X) with Hilbert poly-
nomial P = l(t, d,m0, m1, m2). Similarly, H is an effective divisor in the complete linear
system |OX(H)|. Furthermore, more general nontrivial extensions of skyscraper sheaves on
closed points or structure sheaves of H establish the Zariski tangent spaces on these closed
points or normal sheaves on H , respectively. In sum, each equivalence class is contributed
from Hilbl(X), |OX(H)|, Zariski tangent spaces on closed points, normal sheaves on H and
a finite set associated to OX(−tH).
Therefore, for each q = m1
m2
the described one parameter family of slope sequences in
Theorem 6.19 modulo numerical equivalence develops a family of ∆-stabilities of degree 1 with




on Aq. Furthermore, according






with the associated ∆-stability data contributes an algebraic Bridgeland stability condition




















Proposition 6.21. Let X be a normal projective surface over a perfect field with an ample







where Stab(X) is the space of Bridgeland stability conditions, a complex manifold.




as above there exists
a family of slope sequence classes with different slope polynomials inducing the same ∆-









with the same ∆-stability data on X .
6.3. Hodge Index Theorem and Bogomolov Inequality. To close this section we finally
present the relation of the boundedness theorem 6.16 to Hodge Index theorem and Bogomolov
Inequality in the intersection theory of algebraic geometry. Let us recall the basic definitions
and properties of intersection numbers that we use. For the modern comprehensive approach
to intersection theory, we refer to [Ful98,EH16].
Let X be a proper scheme over a general field k of dimension n. The Chern character
defines a ring homomorphism from the Grothendieck group K0(X) of locally free sheaves on
X to the cohomology group A∗(X) as




The cohomology group has a cup product structure
Ar(X)⊗As(X) ∪−−→ Ar+s(X),




r=0Ar(X) is the Chow group of algebraic cycles modulo rational equiva-
lence on X . If X is nonsingular then A∗(X) ≃ A∗(X). There is a natural homomorphism,









for each zero cycle α =
∑
x nx[x] with the function field K(x). Indeed, deg(α) = p∗(α) for
the structure morphism p of X to Spec(k). If α ∈ Ar(X) and β ∈ As(X) we denote the
intersection cocycle class by α.β := α ∪ β ∈ Ar+s(X) satisfying some axioms.
According to Riemann-Roch theorem for proper schemes of finite type over k, for all scheme
X of dimension n there is a homomorphism




from the Grothendieck group K0(X) of coherent sheaves on X to the Chow group A∗(X),
and τ([OY ]) = [Y ] + cycles of dimension < dimY for a closed subvariety Y of X . Again if
X is nonsingular, one has K0(X) ≃ K0(X). Then for a locally free sheaf E on X its Euler
characteristicis is given by the formula




where the Todd class of X is denoted by Td(X) = τ([OX ]) = [X ] + α for α ∈
⊕n−1
r=0 Ar(X)
and τ(E ⊗ F ) = ch(E) ∩ τ(F ) for E ∈ K0(X), F ∈ K0(X).
Suppose C is a proper (integral) curve embedded in X , for a locally free sheaf E on X we
define the degree of E with respect to C as
degC(E) = −χ (OC , E ⊗ ω•X) + rk(E)χ(OC , ω•X).
Here, ω•X is the dualizing complex of X induced by the structure morphism X
f−→ Spec(k),





. Note that if C is not a locally complete intersection then the degree
defined in Def. 6.3 may not work since the homological dimension of X could not be finite.
Lemma 6.23. Let X be a proper scheme over k and C be a proper curve with a proper










∗E) ∈ A1(C), c1(E) ∈ A1(X) are the first Chern classes of f ∗E and E, respectively,
and [C] ∈ A1(C), f∗[C] ∈ A1(X).
Proof. Assume ω•X = f
!
X(k) is the dualizing complex of X associated to the structure mor-
phism X
fX−→ Spec(k). Then we have ω•C = f !C(k) = (fX ◦ f)!(k) = f ! ◦ f !X(k) = f !(ω•X) for
the dualizing complex of C associated to C
fC−→ Spec(k). By the adjunction f∗ ⊣ f !,
degC(E) = −χ (f∗OC , E ⊗ ω•X) + rk(E)χ(f∗OC , ω•X)










For the last equality we use the fact τ(ω•C) = −[C] + α for α ∈ A0(C) and rk(E) = rk(f ∗E).

Let us turn to cases of proper surfaces X , i.e., integral schemes of finite type over a perfect
field k of dimension n = 2. We are going to show that one can find a Weil divisor on X so that
for any Cartier divisor of trivial degree with respect to this Weil divisor its self-intersection
number can not be positive.
Theorem 6.24 (Hodge Index Theorem). Suppose X is a proper surface over a perfect field k.
Then there exists a proper curve C ⊂ X such that if L is an invertible sheaf with degC(L) =∫
X
c1(L) ∩ [C] = 0, then c1(L)2 :=
∫
X
(c1(L).c1(L)) ∩ [X ] ≤ 0.
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Proof. By the Chow lemma [Gro61,Har77], there is a proper birational surjective morphism
π : X ′ → X with a projective integral scheme X ′ of finite type over k. If X ′ is not normal,
then by normalization there is a normal projective integral scheme X ′′ of finite type over k
with a finite birational morphism π′ : X ′′ → X ′. Thus we may assume X ′ is normal.
Let OX′(H) be a very ample invertible sheaf on X ′ and [H ] ∈ A1(X ′) be the associated
cycle. Set [C] := π∗[H ] ∈ A1(X) and consider an invertible sheaf L ∈ Pic(X) with trivial
degC(L). The projection formula implies 0 = degC(L) =
∫
X





[H ] = degH(π




m ·c1(π∗L)∩ [H ] = 0 for any integer m > 0.
Using the boundedness theorem 6.16 and the fact that π∗L⊗m is stable for all m, we have
χ(OX′ , π∗L⊗m) ≤ d · P̂ (ωX′, d)
with d = degH X
′, and P̂ (ωX′ , d) is a constant depending on ωX′ , d as µ(π
∗L⊗m) = 0.
On the other hand, the Riemann-Roch formula for normal surfaces [Ful98] says












∗L) ∩ [K] + χ(OX′ ,OX′).
As m goes to infinity, this will contradict to χ(OX′ , π∗L⊗m) ≤ d · P̂ (ωX′ , d) if c1(π∗L)2 > 0.
Hence c1(L)
2 = c1(π
∗L)2 ≤ 0. 
Remark 6.25. If there is an invertible sheaf H̄ on an irreducible surfaceX over an algebraically













∩ [X ] = 0, Kleiman shows that c1(L)2 < 0 in [Kle71].
More generally, the same techniques as above yield the following version of Hodge Index
Theorem.
Theorem 6.26 (Hodge Index Theorem). Let X is a proper surface over a perfect field k
with a proper curve C ⊂ X as the one in theorem 6.24. Then given an invertible sheaf
L ∈ Pic(X), we have the inequality
c1(L)






where [C]2 is a positive integer depending on [C].
Proof. Let π : X ′ → X be the finite birational surjective morphism with a normal projective
surface X ′ and a very ample invertible sheaf OX′(H) so that [C] = π∗[H ]. Again by the
boundedness theorem 6.16, for m > 0 and L ∈ Pic(X),








with d = degH X
′ = degH(OX′(H)) = c1(OX′(H))2. Compared with Riemann-Roch formula,
set [C]2 := d and one can easily see







Next, we derive the Bogomolov Inequality on normal projective surfaces X for strongly µ-
semistable locally free sheaves, whose tensor powers remain µ-semistable. Indeed, if char k =
0, then E⊗m is still µ-semistable for each µ-semistable sheaf E on X . However, for char k =
p > 0, this statement is not ture in general. Moreover, the Frobenius pullback F ∗E of µ-
semistable sheaf E need not to be µ-semistable. The sheaf whose all Frobenius pullbacks
(F n)∗E remain µ-semistable is called strongly µ-semistable. Langer in ref. [Lan04] shows
that a tensor product of strongly µ-semistable sheaves is strongly µ-semistable as well, and
this result had also been observed earlier in theorem 3.23 of [RR84].
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Theorem 6.27 (Bogomolov Inequality). Suppose X is a normal projective surfaces over a
perfect field k with a very ample invertible sheaf OX(H). If E is a strongly µ-semistable








c2(E) ∩ [X ].
Proof. As E is locally free, the Chern character of E is





2 − 2 · c2(E)
)
= rk(E) + c1(E) +
1
2 · rk(E) (∆(E) + c1(E).c1(E)) .
E∨, dual of E, is strongly µ-semistable and thus E ′ := E ⊗ E∨ is also strongly µ-semistable
with c1(E
′) = 0 and ∆(E ′) = 2 · rk(E)2∆(E). Let n be a positive integer, then ∆(E ′⊗n) =
n ·rk(E ′)2(n−1)∆(E ′). As above, we can compute χ(OX , E ′⊗n) by the Riemann-Roch formula:
χ(OX , E ′⊗n) =
n
2
rk(E ′)n−2∆(E ′) + rk(E ′)nχ(OX ,OX).
On the other hand, E ′⊗n is strongly µ-semistable as E is strongly µ-semistable, thus the
boundedness theorem 6.16 implies
χ(OX , E ′⊗n)
rk(E ′)n
≤ d · P̂ (ωX , d = degH X) .
Therefore, if ∆(E) is positive, as n goes to infinity, the Riemann-Roch formula yields




2 · rk(E ′)2∆(E
′) + χ(OX ,OX)
which would contradict the boundedness theorem above. 
Corollary 6.28. If X is nonsingular, then ∆(E) ≤ 0 for all strongly µ-semistable torsion
free sheaf E.
Proof. The double dual E∨∨ is a strongly µ-semistable locally free sheaf since X is nonsingu-
lar, and then ∆(E) and ∆(E∨∨) are related by ∆(E∨∨) = ∆(E) + 2rk(E)l(E∨∨/E) ≥ ∆(E),
where l(−) denotes the length of zero schemes in parentheses. Hence 0 ≥ ∆(E∨∨) ≥ ∆(E)
by theorem 6.27. 
Remark 6.29. This corollary is one of the main results proved by Langer in [Lan04] where
he shows that for every torsion free sheaf E on nonsingular projective variety X there exists
k0 such that all HN factors of (F
k0)∗E are strongly µ-semistable. Note that the definition
of the discriminant differs from the one Langer uses by the sign. Moreover, if char k = 0
then all µ-semistable sheaves are strongly µ-semistable and the corollary implies the classical
Bogomolove Inequality.
In a similar fashion it is straightforward to establish the correspondence between the dis-
criminant ∆(E) and the geometry of ambient normal projective surface X , where the µ-
semistable torsion free sheaf E is represented by a bounded complex of locally free coherent
sheaves. The characters of geometry of X are obtained by the Riemann-Roch formula and
the universal polynomial P̂ in the boundedness theorem 6.16. We illustrate the result in the
following proposition.
Proposition 6.30. Assume X is a normal projective surface over a perfect field k with a
very ample invertible sheaf OX(H). Let E be a µ-semistable torsion free sheaf represented by
a finite complex of locally free coherent sheaves. Then the upper bound of ∆(E) is given by
∆(E) ≤ 2d · rk(E)2P̂ (µ(E), ωX, d)− c1(E)2 − rk(E)
∫
X
c1(E) ∩ [K]− 2 · rk(E)2χ(OX ,OX)
40
with d = degH X, µ(E) =
degH (E)
rk(E)




α for [K] ∈ A1(X), α ∈ A0(X).
Here, P̂ (µ(E), ωX , d) is the binomial coefficient function determined in the boundedness the-
orem 6.16.
Remark 6.31. If X is nonsingular, compared with Langer’s Bogomolov inequality for µ-
semistable torsion free sheaves in [Lan04], our bound is independent of char k = p > 0
with lower order in rk(E), but corresponds to c1(E).c1(H), c1(E).c1(ωX), c1(ωX).c1(H) and
c1(E)
2. For the case of rank two µ-semistable bundle on nonsingular projective surfaces,
Hein in [Hei06] proves a weak version of Bogomolov’s inequality independent of char k = p.
Indeed, our form is more closer to Hein’s Weak Bogomolov Inequality.
In particular, this inequality in the proposition gives an upper bound of ch2(E):
∫
X





c1(E) ∩ [K]− rk(E)χ(OX ,OX).
Conversely, the Hirzebruch-Riemann-Roch formula combined with Hodge Index Theorem
and classical Bogomolov Inequality yields an upper bound of the Euler characteristic of µ-
semistable torsion free sheaf on nonsingular projective surfaces over k of char k = 0, that is, a
boundedness theorem similar to our boundedness theorem 6.16 but a different polynomial P̂ .
However, coherent sheaves on singular surfaces may not have bounded locally free resolutions,
in this case we have no way at present to extend the definitions of Chern classes and Chern
characters fulfilling the Whitney formula and the product formula to all coherent sheaves in
general.
7. Effective restriction theorem in higher dimension
In this section we first show the effective restriction theorem of µ-semistable torsion free
sheaves on normal projective surfaces over a perfect field k by the boundedness theorem 6.16.
Finally we extend our boundedness theorem to higher dimensional normal integral projec-
tive scheme over k and thus the construction of ∆-stability of degree (dimX − 1), Hodge
Index Theorem, Bogomolov Inequality, and effective restriction theorem automatically hold
for normal integral projective schemes of arbitrary dimension by the same arguments as in
surfaces.
At first we recall the technical lemma which is needed in proofs of Theorem 7.2 and
Theorem 7.3.
Lemma 7.1 (Lemma 1.4. [Lan04]). Let r =
∑m
i=0 ri with positive real numbers ri and µ0 >
µ1 > · · · > µm be real numbers. Set rµ =
∑m
i=1 riµi, then one has the inequality:
∑
i<j
rirj(µi − µj)2 ≤ r2(µ0 − µ)(µ− µm).
Before proving the effective restriction theorem, let us give an alternative approach with
this technical lemma to the binomial polynomial P̂ in the boundedness theorem 6.16 for
µ-semistable torsion free sheaves. Fix a normal integral projective surface X over k with a
finite separable surjective morphism f : X → P2 such that OX(H) = f ∗(OP2(1)). Given a
µ-semistable torsion free sheaf E, the Euler characteristic of E is χ(OX , E) = χ(OP2 , f∗E) =∑m
i=0 χ(OP2 , Fi) where all Fi are µ-semistable factors of HN filtration of f∗E on P2 with






with µ̂(Fi) = −χ(OP1 ,Fi)χ(k(p),Fi) for i = 0, . . . , m. Therefore, by directly computation,









































Set d := degH X, ri := rk(Fi) = χ(k(p), Fi) and r := rk(E), then r · d = χ(OH2 , E) =∑m
i=0 χ(k(p), Fi) =
∑m
i=0 ri and rdµ̂(E) = −χ(OH , E) = −
∑m
i=0 χ(OP1 , Fi) =
∑m
i=0 riµ̂(Fi).















































































≤ r2d2(µ̂(F0)− µ̂(f∗E))(µ̂(f∗E)− µ̂(Fm)).




+ 2 = 2− µ̂(OX).
Similarly, µ̂(Fm) = µ̂min(f∗E) and the Prop. 6.12 lead to
µ̂(f∗E)− µ̂(Fm) ≤ −
χ(OH , ωX)
χ(OH2 ,OX)
+ 1 = 1 + µ̂(ωX).
Using these relations, we finally arrive at
Theorem 7.2. For any µ̂-semistable torsion free sheaf E on a normal integral projective
surface X over a perfect field k with a fixed very ample invertible sheaf OX(H), the upper
bound of the Euler characteristic of E is given by
χ(OX , E) ≤ χ(OH2 , E)P̂ (µ̂(E), ωX , d)








(2− µ̂(OX))(1 + µ̂(ωX))
)
,
where ωX is the dualizing sheaf of X and d = degH X.
7.1. Effective restriction theorem in surfaces. To prove the effective restriction theo-
rem, we will need the following more precise formula of the universal polynomial P̂ in the
boundedness theorem 6.16 for general torsion free coherent sheaves on X .
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Theorem 7.3. Suppose X is a normal integral projective surface over a perfect field k with
a very ample invertible sheaf OX(H). Let G be a torsion free coherent sheaf on X, then
χ(OX , G) ≤ χ(OH2 , G)
(
P̂ (µ̂(G), ωX , d) +
1
2
(µ̂max(G)− µ̂(G)) (µ̂(G)− µ̂min(G))
)
,
where d = degH X, ωX is the dualizing sheaf of X, and P̂ is the binomial polynomial for
µ-semistable torsion free sheaves in Theorem 6.16, or the polynomial in Theorem 7.2.
Proof. This proof is similar to Theorem 7.2. Let Gi’s be the µ̂-semistable factors of the HN
filtration of G on X with µ̂(G0) > µ̂(G1) > · · · > µ̂(Gm). Set ri := rk(Gi) and r := rk(G).
Then

























































Now we are ready to prove the effective restriction theorem below.
Theorem 7.4. Let E be a µ-stable torsion free sheaf of rk(E) > 1 on a normal projective
surface X over a perfect field k with a very ample invertible sheaf OX(H). Assume D ∈
|OX(lH)| is a normal divisor such that E|D is torsion free. If
l > 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) ,
then E|D is µ-stable.
Proof. If E|D is not µ-stable, there exists a short exact sequence 0 → S → E|D → T → 0
with the minimal destablizing quotient sheaf T of E|D, or E|D is µ-semistable on D. Either
would implies µ(T ) ≤ µ(E|D). Then this short exact sequence induces two short exact
sequences 0→ G→ E → T → 0 and 0→ E(−D)→ G→ S → 0. Set ρ := rk(S) on D and





degH E − (r − ρ)ld
r
= µ(E)− r − ρ
r
ld = µ(E(−D)) + ρ
r
ld.
Since E and E(−D) are µ-stable, we obtain
µmax(G)− µ(G) = µmax(G)− µ(E) +
r − ρ
r
ld ≤ r − ρ
r
ld− 1
r(r − 1) ,






r(r − 1) .
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On the other hand, the lemma 6.1 says




+ χ(OH , E)l + χ(OX , E),




− χ(OH , E)l.
Then µ(T ) ≤ µ(E|D) implies




− r − ρ
r
lχ(OH , E),









χ(OX , G)− χ(OH2 , G)P̂ (µ̂(G), ωX , d) ≥ χ(OX , E)− χ(OH2 , E)P̂ (µ̂(E), ωX , d)
















Applying Theorem 7.3 to G we finally arrive at
χ(OX , E)− χ(OH2 , E)P̂ (µ̂(E), ωX , d) ≤
−l
2(r − 1) +
1
2dr(r − 1)2 .
Therefore,
l ≤ 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) ,
a contradiction. 
Corollary 7.5. Let E be a µ-semistable torsion free sheaf of rk(E) > 1 on X and D ∈
|OX(lH)| is a normal divisor such that the restrictions to D of all µ-stable factors of Jordan-
Hölder filtration of E are torsion free. If
l > 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) ,
then E|D is µ-semistable.
Proof. Note that the first term of E on the right side of the inequality is larger than the same
term of any µ-stable factors. 
Remark 7.6. The ideal of our argument follows the proofs of Langer’s effective restriction
theorem and Bogomolov’s effective restriction theorem. Either needed the inequality of Chern
classes or discriminant of µ-semistable torsion free sheaves. However, as in the previous
discussion the only way possible to define Chern classes and Chern characters on all coherent
sheave is to resolve each coherent sheaf by a bounded complex of locally free coherent sheaves,
which may not exist on singular schemes in general.
7.2. Boundedness for higher dimensional schemes. The final task is to extend the
boundedness theorem 6.16 or 7.2 on normal projective surfaces to normal integral projective
scheme of arbitrary dimension of finite type over a perfect field k. Let us now turn to a normal
integral projective scheme X of dimension n of finite type over k with a finite separable mor-
phism f : X → Pn such that the very ample invertible sheaf OX(H) = f ∗(OPn(1)). As in the
context of Sec. 6, we first generalize Lemma 6.15 for µ-semistable sheaves on the projective
plane P2 to the n-dimensional projective space Pn. We would need the following restriction
theorem of strongly µ-semistable sheaves on projective spaces which is non-effective version
of Theorem 4.1 in ref. [Lan10]. This proof is a slightly modification of Langer’s proof of Theo-
rem 4.1 in [Lan10] which is a combination of proofs of Grauert-Mülich, Flenner’s [Fle84], and
Mehta-Ramanathan restriction theorem [MR82]. For the detailed proofs of these theorems
we refer to the book [HL10].
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Theorem 7.7. Given any µ-semistable torsion free sheaf E of rank r ≥ 2 on Pn over an
algebraically closed field k, and let a >> 0 be any sufficiently large integer, then the restriction
of E to the generic hypersurface in |aH| is strongly µ-semistable.
Proof. If char k = 0, by Flenner’s, or Mehta-Ramanathan restriction theorem the restriction
of E to a general hypersurface D ∈ |aH| with a >> 0 is again µ-semistable and torsion free,
thus strongly µ-semistable.
Assume char k > 0, by Mehta-Ramanathan restriction theorem E|D is µ-semistable and
torsion free for general D ∈ |aH| with a >> 0. Suppose E|D is not strongly µ-semistable
and Π = |aH|, then we have Π p←− Z q−→ Pn for the incidence variety Z = {(D, x) ∈ Π×Pn :
x ∈ D} such that (Fm)∗E has a relative HN filtration for some m > 0 and there exists an
open subset U of Π so that for all s ∈ U the fiber of the relative HN filtration forms the HN
filtration of E|D ≃ (q∗E)Zs with strongly µ-semistable quotients by Theorem 2.7 in [Lan04].
Here Fm : Pn → Pn is the m-th absolute Frobenius morphism.
Let us take such minimal m and thus E0 ⊂ E1 ⊂ · · · ⊂ El = q∗((Fm)∗E) be the relative
HN filtration with Ei := Ei/Ei+1 which does not descend. Then by Theorem 5.1 in [Kat70],
we get a nontrivial morphism
Ei → ΩZ ⊗ (Fm)∗E/Ei
such that
µmin(Ei ⊗ ((Fm)∗E/Ei)∗)Zs) ≤ max{µmax((ΩZ/Pn)Zs), µmax(q∗ΩPn)Zs}
for generic fiber Zs of p. Note that ΩPn →֒ OPn(−1)⊕n+1, one has µmax(ΩPn) < 0 and
the restriction of quotients of HN filtration of ΩPn to a general hypersurface is µ-semistable
for a >> 0 by Mehta-Ramanathan restriction theorem. Indeed, the general fact proved by
Maruyama [Mar80] said that the restriction of a µ-semistable sheaf of rank < n to a general
hyperplane is µ-semistable as well. Thus we get µmax(q































On the hand, the kernelK of the evaluation mapH0(OPn(a))⊗OPn → OPn(a) is µ-semistable
presented by Brenner in [Bre08], and from the proof of Flenner’s theorem (see Step 4 of proof






− a− 1 ,
















a contradiction to the assumption a >> 0. 
Remark 7.8. In Theorem 4.1 in [Lan10] Langer proves an effective restriction theorem of
strongly µ-semistability on a smooth projective variety X of dimension n with µmax(ΩX) ≤ 0
by using his version of Bogomolov Inequality in Theorem 2.2 in [Lan06]. However, we can
not assume Bogomolov Inequality holds for n > 2 which is what we are planing to show
now. Thus, instead of Langer’s Bogomolov Inequality we use Mehta-Ramanathan restriction
theorem [MR82] to prove this non-effective restriction theorem of strongly µ-semistability on
projective spaces.
Together with the restriction theorem of strongly µ-semistability on Pn and arguments in
previous section we are ready to prove the generalized lemma below.
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Lemma 7.9. Let E be a µ̂-semistable torsion free sheaf on Pn. Then the Euler characteristic
of OP2 and E has an upper bound





with rk(E) = (−1)nχ(k(p), E) and µ̂(E) = −χ(OP1 ,E)
χ(k(p),E)
.
Proof. Using the Riemann-Roch formula for coherent sheaves on Pn and the fact Pic(Pn) ≃
Z, the inequality is equivalent to the Bogomolov Inequality for µ-semistable torsion free
sheaves on Pn, i.e.,
∆(E).Hn−2 =
(
(rk(E)− 1)c1(E)2 − 2 · rk(E)c2(E)
)
.Hn−2 ≤ 0,
where H := OPn(1). We prove this inequality by induction on the dimension n. Assume this
inequality hold for Pn−1. Note that if the restriction of a µ-semistable torsion free sheaf on
Pn to a general hyperplane Pn−1 is also µ-semistable torsion free, then this inequality holds
simultaneously. Hence for any torsion free coherent sheaf E of rk(E) ≤ n− 1 on Pn, one has
∆(E).Hn−2 ≤ 0 by Maruyama’s theorem in [Mar80].
Therefore, the previous discussion in Sec. 6 implies the boundedness theorem and Bogo-
molov Inequality (see Theorem 7.11 and 7.13) on normal projective varieties of dimension
= n− 1. From Theorem 7.7 the restriction of a µ-semistable torsion free sheaf E on Pn to a
general hypersurface D in |aH| for a >> 0 is also strongly µ-semistable. Then by Bogomolov
Inequality for strongly µ-semistable sheaves on D, the inequality ∆(E).Hn−2 ≤ 0 holds and
thus we are done. 
Remark 7.10. Theorem 3.2 presented by Langer in ref. [Lan04] implies ∆(E).Hn−2 ≤ 0
for any strongly µ-semistable sheaf E on smooth projective varieties. Note that ΩPn →֒
OPn(−1)⊕n+1, one has µmax(ΩPn) < 0 then each µ-semistable sheaves is also strongly µ-
semistable. Indeed, in homogeneous spaces, abelian and toric varieties all semistable sheaves
are strongly semistable. Thus this also yields the inequality in the lemma above. Indeed, the
idea of Langer’s proof considers the generalized stability with respect to a collection of nef
divisors D1, . . . , Dn−1 with the numerically nontrivial 1-cycle D1. · · · .Dn−1, which is much
more than what we really need. For our purpose, it is sufficient to use this restriction theorem
of strongly µ-semistability on projective spaces.
As for the previously discussed boundedness theorem on normal projective surfaces, the es-
tablished correspondence between normal integral projective schemes of dimension n and the
n-dimensional projective space carries over to the higher dimensional boundedness theorem
as well, which we illustrate in the following generalized theorem.
Theorem 7.11. Let E be a torsion free coherent sheaf on a normal integral projective scheme
X over a perfect field k of dimX = n with a fixed very ample invertible sheaf OX(H).
Then there exists a polynomial P̂ (µ̂max(E), µ̂min(E), ωX , d = degH X) depending on the HN
filtration of E, the degree of the canonical sheaf ωX of X and the degree of X with respect to
OX(H) such that
(−1)n−2χ(OHn−2 , E) ≤ (−1)nχ(OHn , E)P̂ (µ̂max(E), µ̂min(E), ωX , d)
= (−1)nχ(OHn , E)
(
P̂ (µ̂(E), ωX, d) +
1
2
(µ̂max(E)− µ̂(E)) (µ̂(E)− µ̂min(E))
)
with (−1)nχ(OHn , E) = d · rk(E) and µ̂(E) = −χ(OHn−1 ,E)χ(OHn ,E) . Here, the polynomial P̂ is the
same as the one in Theorem 6.16 or 7.2, i.e.,








(n− µ̂(OX))(1 + µ̂(ωX)).
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Remark 7.12. (i) The fact that the performed analysis of the boundedness theorem for higher
dimensional varieties closely parallels the study of the boundedness theorem on surfaces does






between the µ-semistable sheaf and the sum of upper bounds of HN factors of its
direct image in Pn. As a result, the topological data of the normal integral projective scheme
X for the degree, structure sheaf and canonical sheaf resulting from a given complete linear
system |OX(H)| are the same for the discussed boundedness theorem.
(ii) As X is integral projective scheme over k, the polynomial P̂ has the crude form below









since µmax(f∗F )−µ(f∗F ) ≤ d and µ(f∗F )−µmin(f∗F ) ≤ d for each µ-semistable torsion free
sheaf F by Lemma 6.2.2 in ref. [Lan06]. Therefore, for a torsion free sheaf E on X we have
the following bound
(−1)n−2χ(OH2 , E) ≤ (−1)nχ(OHn , E)
(
P̂ (µ̂(E), d) +
1
2
(µ̂max(E)− µ̂(E)) (µ̂(E)− µ̂min(E))
)
.
In the normal projective surfaces over a perfect field the construction of ∆-stability of de-
gree one, Hodge Index Theorem, Bogomolov Inequality and effective restriction theorem rely
on Theorem 6.16 or 7.2 of normal projective surfaces such that for any µ-semistable sheaf E
the Euler characteristic χ(OX , E) has an upper bound of the form χ(OH2 , E)P̂ (µ̂(E), ωX , d)
with a binomial function P̂ . Therefore, the boundedness theorem for higher dimension dis-
cussed here directly deduces higher dimensional versions of those theorems in the context
of Sec. 6 and 7.1. Specifically, Bogomolov Inequality for strongly µ̂-semistable locally free
sheaves on a normal integral projective scheme is also valid.
Theorem 7.13 (Bogomolov Inequality). Suppose X is a normal integral projective scheme
of dimension n over a perfect field k with a very ample invertible sheaf OX(H). If E is a
strongly µ̂-semistable locally free sheaf, then
∆(E).Hn−2 :=
(
(rk(E)− 1)c1(E)2 − 2 · rk(E)c2(E)
)
.Hn−2 ≤ 0.
Remark 7.14. This theorem generalizes Theorem 3.2 in [Lan04] to strongly µ-semistable
locally free sheaves on normal projective varieties. Indeed, for any tensor power of a µ-
semistable locally free sheaf which is again µ-semistable, this inequality holds. Thus Hodge
Index Theorem is a special case of Bogomolov Inequality.
Moreover, in this setting an upper bound of this form on normal integral projective schemes
X yields a ∆-stability of degree = dimX−1 with the associated numerical slope polynomial
Pt(−) = χ(L−t,−) induced by a slope sequence {L−t} in the tilted heart of a bounded
t-structure on Db(X).
Theorem 7.15. Suppose X is a normal integral projective scheme of dimension n over a per-
fect field k with a very ample invertible sheaf OX(H). Given a rational number q = m1m2 ∈ Q,
there exists the tilted heart Aq of a bounded t-structure on the bounded derived category of co-
herent sheaves Db(X) with a one parameter family of slope sequences
{
Ls−t(m0) : m0 > mmin
}











such that the associated




induce ∆-stabilities of degree = n−1 on Db(X).
Here, mmin is the smallest integral which is larger than m2 · P̂ (q, ωX, d), i.e.,
mmin = min
{
m ∈ Z : m > m2 · P̂ (q, ωX, d = degH X)
}
with the polynomial P̂ appearing in Theorem 7.11.
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Remark 7.16. Compared with the notions of Gieseker stability, Mumford-Takemoto stability,
or ∆-stability of degree = dimX which are well defined on any projective scheme X over
a field, we could not expect to construct ∆-stability of degree = dimX − 1 by using the
tilted heart from the abelian category of coherent sheaves on arbitrary projective schemes.
Indeed, the tilted heart may not be weakly ∆-Noetherian. For a general treatment compare
Theorem 3.5.
Finally, more general effective restriction theorem occurs from the similar calculation in
the proof of Theorem 7.4.
Theorem 7.17. Let E be a µ̂-(semi)stable torsion free sheaf of rk(E) > 1 on a normal
integral projective scheme X of dimX = n over a perfect field k with a very ample invertible
sheaf OX(H). Assume D ∈ |OX(lH)| is a normal divisor such that E|D is torsion free. If
l > 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) ,
then E|D is µ̂-(semi)stable. Here, P̂ is the polynomial in Theorem 7.11.
Remark 7.18. (i) The theorem gives a positive answer to the question that whether for any
µ-semistable torsion free sheaf E on a normal projective variety X there exists a sufficiently
large integer d0 such that the restriction of E to the generic hypersurface of degree d > d0
is µ-semistable again. Indeed, the lower bound d0 can be numerically controlled by the
cohomological datum of E and X .
(ii) For an integral projective scheme X over k, using the inequality in Remark 7.12 the
similar argument implies that for a µ̂-(semi)stable torsion free sheaf E, the restriction of E
to a general divisor D ∈ |OX(lH)| is µ̂-(semi)stable again if E|D is torsion free and
l > 2(1− rk(E))
(




d · rk(E)(rk(E)− 1) .
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